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PREFACE.,

< — -

“*Elementary Modern Geometry, Part I. ” (Matriculation
‘Geownetry) comprises Books I. to 1V., which form the
Matriculation Course, Part II. containing Book V. (Solid
Geometry) only. Each Book has been treated on the lines
‘of the syllabus prescribed under the new regulations of
the Ca'cutta University, and I have spared no pains to
keep a steady eye on simplicily and clearness at every
stage of the student’s progress. Books I., II., III., with the
-exception of Sections III, and IV. of Book I1I., may be
-generally taken to include the Compulsory Course for the
Matriculation Examination, whilst Books I. to IV. may be
taken to include the Optional {or Additional) Course.

The order in which Propositions are nmnbered is not
the same in every treatise on Modern Geometry. Hence,
in all angswers meant for the Examiner, the $tudent, while
giving a refernce, should »ever quote the number of the
Proposition referred to, but simply point ou tits application
with clearness and precision, For instance, in proving
Theorem 14, Book III, Theorem 10 of the same Book has
to be referred to, but all that the stndent need do is to
write out the steps. as given in this treatise, taking care to
omét “(Th. 10)” at the end of ~'.". the /. ADC = half the
L AOC.”

Model Papers have been inserted at the end of the
treatise. The student is strongly recommended to attempt
to answer each Paper withinthe time allotted, and measure
his progress by the amount of success attained in such
-endeavours. It is also advisable that each of these Papers
should be answered oftener than once, for a gradually
increasing speed and facility may be acquired only by
frequent trials.

Any suggestions for the improvement of the work
~will be thankfully received.

‘DACCA : January, 1911. K. P. BASU.

————



PREFACE TO THE FIFTH EDITION.

In this Edition, on account of better arrangement and
printing the book has increased in volume hut in
accordance with the wishes of the Hon’ble the Director
of Public Instruction, Bengal, the price has been lowered
from Re. 1-8 to Re. 1-4 for Books I—IV. (Complete).
Books I. & II. and III. & IV. being separately priced at
As. 10 and As. 12 respectively. There has also been some
improvement in the contents by inserting short references
to the various propositions. It is, therefore, hoped that
thig Edition will be found more useful and acceptable
than the previous ones. It is also to bhe noted that
this hook has been approved by the Government of Bengal
as a Text, Prize and Lihrary Book.

11, Mohendru Gossain Lane, Calcutta, 1

January., 1916. 5
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ELEMENTARY

MODERN GEOMETRY
BOOK L

ANGLES AT A POINT ; PARALLEL STRAIGHT
LINES ; TRIANGLES AND RECTILINEAL FIGURES.

SECTION .
FUNDAMENTAL IDEAS AND DEFINITIONS.

1. That which has length. breadth and thickness is
called a 801id.

Note 1. Each of the following pictures represents a solid :—

“Note 2. The first fignre represents a brick-shaped body.
whilst the serond  represents a ball, The length, breadth and
thickness of the former are easily wnderstood, whilst those of the
latter are not. But a ball may be easily conceived to be mostly
made up of parts, large "and small, which are all briek-shaped.
Thus it is clear that anything which may be conceived to be mostly
composed of brick-shaped parts js a solid.

Note 3. From the above it is also clear that ‘the hollow portion
of a box, quite as much as the entire box, is a solid. In fact, any
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definite portion of space possessing, as it does, length, breadth and
thickness, is a solid.

2. That which has length and breadth, but no
thicknesss, is called a surface.

Note 1 A solid is bounded by a surface or surfaces. For
instance, consider a brick-shaped piece of wood. Tt may be said
to have six boundaries, every one of which separates the wool from
the rest of space. ach boundary cvidently possesses length and
breadth, but it has no thickness; for, if it had any, it would
undoubtedly include a slice of the wood or a thin layer of the sur-
rounding air, or both, which it does not. Similarly, the boundary of
a ball-shaped body has no thickness, because the boundary neither
forms part of the body nor that of the surroundingair; but it has
length and breadth, in the scnse that it may be supposed to be
+divided into small portions, cach of which is similar in shape to one
or other of the boundaries of a brick-shaped body. The houndary
between two portions of the same solid is also.a swrface.

Note 2. Tt is evident thercfore that o surface occupics no space.

Note 3. Ifan ink-spot were made on paper like this
would it form asolid or a surfuce? Undoubtedly it would form
a  solid, because it has not only length and breadth but also
thickness, however small the thickness may be. Two surfaces of the
ink-spot ave very close to cacn other, one (the top-surface) separates
the spot from the surrounding air, and the other (the bottom-
surface) separates it from the paper.

3. That which has length only, but neilher breadth
nor thickness, is called a line

Note 1. The boundary Dbetween two
partions of a surface is aline. Lot ABCD,
in the accompanying diagram, represent a
surface and let the white mark AC repre-
sent the boundary between the portions
ABC and ADC, -
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So long fs the white mark has any breadth at all, the two
portions ABC and ADC form two distinct surfaces, one on cither
side of it 5 it is only when its breadth dwindles down to  nothing
that the surfaces ABC and ADC hecome parts of the given surface
(i.e.. they together make up the whole surface).  Thus the boundary
hatween two parts of a surface has length only and ao breadrh, and

hence it s a line.

Note 2. It is also clear that any given surface is hounded by a
line or lines. :

Note 3. 11w ink-mark Hke this— ———he made on paper, it is
nol a line according to our definition. for «it has some breadth and
also o little thickness. The finer the mark the more nearly does it

resemble a line.

4. That which has position only, but weilher lengtl
nor breadth, nor thicknrss. is called a point.,

Note 1. The bonndary hetween two parts of & viven line is a
point 5 beeause. 1t this houndary had any lengtl the two parts would
be two distinet Hnes justead of being parts ofthe civen line, It ix
clear also that the extremitios of a hoe ave poinds.

Note 2. The picture of a point s a dot (. ); but it must be
remembered that a dot is iu reality a solid and not o point.  The
smaller the dot the move nearly docs it vesemdble a point.

Note 3. A portion of a line, howeversmall, can wnt be regarded
as a point 3 for, sueh a portion has some lengths whilst o point has
gone. Al that we ean say is that the smaller the portion the more
nearly does it approach the condition of a point.

Note 4. If u point moves from one position to another very
elose to it a small line is generated, of which the two positions of

the point are the extremities.

5. O0f the three things—Ilength, breadth and thickness,
each is called a dimension. That which possesses one
or more of the three dimensions is called 2 magnitude.
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Note 1. Hence a solid is said to be a magniiude of three-
dimensions ; a surface is said to be a magnitude of two dimensions ;.
a line is said to be a magnitude of one dimension ; a point is not a.
magnitude, and it has no dimension.

Note 2. The word magnitude is used also in the sense of size
or'extent, as in the expression “ A point is that which bas no parts,
or which has no magnitude.”

6. If two lines be such that whenever they coincide
in two points they invariahly become indistinguishable
from one another, each of them is called a Straight
line or a right line.

Let AB, CD be two lines, as in the following diagram.

Suppose the line CD to be {aken up and placed in such
a way that the points C and D fall upon the line AB;.
on whatever points of the line
AB the points C and D may A 8
fall, if in every case the two

D

S —————————————

lines becume indistinguishable
one from the other, then each of the lines AB and CDlig

a straight line. In the following diagram the two lines
AB and CD are quite distinguishable from one another
even though they cOmcule in two points :— .

In this case therefore the
lines AB and CD are not
straight lines. A

Note 1. From the above defiuition the following conclusions
are cvident :—

(1) Two straight lines cannot have more than one point com-
mon ; for. if they had two points common, they would completely
become one and the same straight line. This is otherwise expressed
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by saying that two straightilines cannot intersect each .other in more
.points than ofe.

(2) Two straight lines cannot coincide partly without heing
-altogether indistingaishable from one another ; for, if\they coincide
partly, they certainly coiucide in two points. and therefare they
must bo indistinguishable throughout. This fact is expressed by
saying that two straight lines cannot have a common segment (a
segment of a line meaning a part of it).

(8) Through one given point an unlimited number of straight
lines may pass but only one straight line can pass through two given
points.

Note 2. A straight line whose extremities are given is called a
finite or limited straight line ; whilst one which may be supposed
to be extended to any length cither way is ealled an unlimited
straight line.

Note 3. Let AB Le a

finite straight line whose c

extremities are the points A B

A and B.

Let apoint € start from A und move along the line towards B.
Tn any position. C will divide the line iuto two parts AC and CB,
and it is quite clear that as € moves on, the part AC gradually
increases whilst CB gradually diminishes. Hence there must he one
position of C. and one only, for which the parts AC and CB will be
equal. Tn this position C is said to bigseet the line AB., and it is
called the middle point, or, more shortly, the mid-point of AB.
Hence the mid-point of a given straight line way be defined to he
the poiunt which divides it into two equal parts,

Note 4. Let AB and CD

‘be two finite straight lines.
C D

Suppose AB is taken up and placed in such a way that the
wpoint A falls on the point C and the line AB upon CD ¢ if now B
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also falls on D, then the line AB coincides with €D and is thercfore
equal to it. Hence we may say that one finite straight Jine is equal
to another when either of them may be mude to coinside with the
other.

Note 5. A line which is neither struight nor made up of

straight lines is called a curved line, or, more
simply, a curve. The accompanying diagram \—/
18 the picture of a curved line.

Note 6. When ta point moves along a straight line its divection
of motion remaing un-
changed, whilst if a
point ix moving along  Cecc———
acurve its dirvection
of motion coostantly
changes.” In the accom-

panying pictures the arrow heads shew the directions of motion.

7. T a surface be such that the straight line passing
throngh any two points in it les wholly in thal surface,
it is culled 2 plane surface, or. more simply, a plane.

Note 1. [If the surface be unlimited all round, the straight hne
passing through the two pomts should also Dbe considered as un-
limited in both divections.  This unlimited straight hine then, for all
position of the poinis, will be completely in contact with the surface,
1f'it is a plane.

Note 2. If two points be taken ou the surface of a ball- shaped
body, the straight line passing through them does not at all lie in
that surlace. Clearly therefore such a surface is not o plane
surface.

Note 3. Heuceforth, unless the contrary is stated, all points
and lines shall be supposed to be cxisting in ome and the same plane.

€. If two straight lines OA and OB meet at a point O,
the straight line OB may be supposed to have originally
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coincided in direction with OA, and then to have
.

moved from that position into its B
present one by a motion of rotation
aboul the point O it is this amount
of rolation which is called the
angle contained by the straight
lines OA and OB.

Note 1. The angle contained by the straight lines OA and OB
is bricfly’expressed as *“ the angle AOB”, or “ the angle BOA™", the
letter O being always put in the middle.

Note 2. The point O is called the vertex of the-angle;and the
straight lives OA and OB arc called its arms.

B
Note 3. The size of an angle
does net at all depend upon the?
lengths of its arms. Hence, in the ,
accompunying diagram, the angle B
AOB is the same as the angle A‘'OB’. ’
[+ A A
A
B
Note 4. Lt there
be two angles ABC and
DEF.
B CE F

Supp se the angle:ABC to be taken up, with its size unchanged,
and so placed that the poiot B falls on the point E, aud BC upon
EF; BA and ED bcing on the same side of EF, If now BA also
falls upou ED, then the angle ABC coincides with the angle DEF
and is therefore equal to it. Hence two angles are equal if either of
them may be made to coincide with the other. Tt isa'so clear that BA
will fall on the left or on the right of ED according as the angle
ABC is greater or less than the angle DEF,
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Note 5. I.et AOB be an aogle ;
and let a straight line OC startiog
from a position of c¢riacideace with
OA rotate about O towards OB.

As OC goes on rotating, the angle AOC gradually increases whilst
the angle COB gradually decreases. Clearly therefore there must be
one position*of OC, and one only, in which the angle AOC is equat
to the angle.COB. In this position OC is said to bisect the ange
AOB, and is called the bisector of the angle. Hencetheangle AOB,
and similarly every other angle, has one and only one bisector.

Note 6. If threc straight lines OA, OB, OC mect at a point O,
OB occupying an intermediate posi-
tio 1, then the aagles AOB and BOC
are called adjacent angles. In
other words, two angles -are said to
be adj1cent whea they have a com-
mo1 verte< and lic on opposite sides
of a common arm. Thetwo extreme ° A

C

lines OA and OC may be conveniently called the non-coincident
arms of the two angles.

9. If a straight line OC standing wupon another
straight line AOB make the
adjacent angles AOC, COB equal C
to one another, ecach of these
angles is called arightangle;
and each of the two straight lines
is said to be perpendicular B (4] A
to the other.
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Note 1. Let AOB beany straight line,
and OC anothee which starting from the
position OA rotates about O in the direc-
Aion of the arrow-head, as shewn in the
accompanying diagram. 3 0 y

As OC goes on rotating, it is evident that the angle AOC gradu-
ally increases whilst the angle COB gradually decreases. Clearly
therefore there is one position of OC, and one only. for which the
angle AOC is equal to the angle COB; and it is in this position that
OC is perpendicular to A3. Hence at any given point in a straight
line there can be only ng perpendicular to it,

Note 2. As OC rotates about the point O from the position OA
‘into the position OB, it turns throngh two right angles. FHence, when
the straight lines OA and OB arc in the same straight line but iz
apposite directions, the angle AOB is equal to two right angles.

Note 3. When OA and OB are in the same straight line but in
opposite directions, the angle AOB is called a straight angle. In
other words, an angle is called a straight angle when its arms are in
the same siraight line but in opposite directions, and a straight
angle is equal to tiwo vight angles. Hence a right angle is half of a
gtraight angle.

Note 4. Let ABC and ¢ B A
PQR he any two straight
lives. R Q P

Suppose the straight line ABC to be taken up and so placed that
the point B falls on the point Q, and BA upon QP. Then BC must
also fall upou QR ; because otherwise the two straight lines would
have a common sezgment. Thus it is clear that if ABC and PQR
be two straight angles, they can be made to coincide. Hence the
straight angle PQR is equsl to the straight avgle ABC. Similaily
every other straight angle is cqual to the straight angle ABC.
Clearly therefove all straight angles are equal to ome another.
Hence as a right angle is half of a straight angle, a/l right angles
-are equal.
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Note 5. That all right angles arc cqual may also be proved in
the following manner. I«t the straight line BD be perpendi-
cular to the straight line ABC, and let the straight line QS be per-
pendicular to the straight line PQR. Theu we have two pair of
right angles ABD, CBD und PQS, RQS.

Sappose the frst ficure to be talen up, without any alteration
in its shape. and so placed upon the second that the point B falls
upon the point Q, and the line ABC upon the line PQR; and so
that BD and QS are on the same side of PQR. In this circum-
stance BD and QS hoth Dbecome perpendicular to PQR at Q;
therefore BD must fall upon QS, as there ean e hut one perpendi-
cular to a straight line at any pointinit. Henee the angle ABD
is equal to the angle PQS, and the angle CBD to  the angle RQS.
Henee it is clear that each angle of the first paiv is cqual to each
angle of the second.  Similarly, to whichever pair of right angles
a particular right angle may belong. this latter must be equal to one
or other of the angles PQS and RQS. Hence, all right angles are
equal to one another.

Note 6. When we say that OC is at right angles to OA we
mean that OC is perpendicular to OA.
B
10. An angle which is less than
aright angle is called an acute
angle. A
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11. An angle which is greater g
than one right'apgle but less than

two right angles, iscalled an

obtuse angle. ° *
Note. An angle which is greater than )
two right augles but less than four right
angles, is called a reflex or re-entrant
angle.
B

12. Any portion of a plane surface bounded by one
or more lines is called a plane figure.

Note. Tu a morc extended sense, any combination of points and
lines is called a sigure. The picture of o figure is called a diagram.
Real points and lines can never be construeted ; so whatever is drawn
on paper is only a picture of the real thing. From this it is clear that
when a figure is drawn on paper it is the diagram that is really
drawn, and the finer the diagram the wore nearly does it represent
the figure intended.

18. A circle iy a plane figure P
bounded by one line which issuch
that all straight lines drawn to it B A
from a certain point within the
figure are equal to one another.

14. The bounding line of a circle is called its cir-
cumference.
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15. The point within a circle from which all straight

Tines drawn to the circumference are equal,*is called the
centre of the circle.

18. Any straight line drawn from the centre of a
-circle to the circumference is called a radius of the
circle.

Note. All radii of the same circle are equal to one another.

17. Any straight line drawn through the centrs of a
.circle and terminated both ways by the circumference is
called a Adlametsr of tns circle.

18. A semi-circleis the figure
bounded by a diameter of a circle and
the part of the circuinference which it \
cut s off. '

Note. Every diameter divides a cirele into two semi-eircles,

19. A plane figure which is bounded by straight lines
-only is called a plane rectilineal figure.

Note 1. 'The bouading straight lines are called the sides of the
figures.

Note 2. The amount of surface enclosed by the boundaries of
a planejfigure is called its area.

20. A plane figure bounded by A
three straight lines is called
triangle.
B c

Note 1. Generally speaking, any angular point of a triangle is
-called u vertex of the triangle, so that a triangle has three vertices.
But when a particular side is spoken of as the base of the triangle,
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it is then the opposite angular point alone that is called the vertex.
Thus, in the above diagram, when the side BC is regarded as the base:
of the triangle, the angular point A is called the vertex.

Note 2. In any triangle the straight line drawn from a vertex
to the middle point of the opposite side is called a median.

21. A triangle whose three sides

are equal is called an equilateral
triangle.

22. A triangle which
has two sides equal is

/
called an isosceles / /\

triangle.

Note. In an isosceles triangle the point of intersection of the
eqnal sides is generally taken as the vertex of the triangle, and the
opposite side as the base. L'he angle contained by the equal sides is
called the vertical angle of the triangle.

23. A triangle which has three
unequal sides is called a 8calene
triangle.

24. A triangle one of whose
angles is a right angle is called a

right-angled triangle.
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Note. Ta a right-angled triangle, the side opposite t> the right
angle is called the hypotenuse. Thus, in the above diagram, the
side BC is the hypotenuse of the triangle ABC which is right-angled
at A,

25. A triangle one of ‘
whose angles is an obtuse angle
iscalled an obtuse-angled
triangle.

26. A triangle of which all the
angles are acute is called an acute-
angled triangle.

R A
27. A plane figure hounded by
Jour straight iines is called 2 qua-
drilateral.
¢ )

Note. A striaght line joining two opposite angular points of a
quadrilateral is called a diagonal of the quadriluteral. Thus, in the
above diagram the straight line joining A and C is a diagonal, and so
is the straight line joining B and D.

'28. A plane figure bounded by more than four straight
lines is calledla pOlygon.

20. Straight lines which are in the same plane and
which do not meet, however far they
may be produced either way, are
called parallel straight lines.
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30. A quadrilateral whose opposite

gides are parallel is called a para-

llelogram. Z
3t. A parallelogram of which

one angle is a right ardsle is called
a rectangle.

Note. It will be proved hereafter that if one angle of a parallclo-
gram be a vizht angle all its angles are right angles,
anh
32. A parallelogram of which two
adjacent sides are equal, but whose angles
are not right angles, is callel a Thombus.

Note. It will he proved hereafter that if two adjacent sides of
a parallelogram be equal, al/ its sides are cqnal.

33. A reclangle of which two adjacent
sides are equal, is called 0« 8QuUuare.

34. A quadrilateral which has
one pair of opposite sides parallel,
is called a trapezium.



SECTION II.

POSTULATES AND HYPOTHETICAL
CONSTRUCTIONS.

1. For the purpose of effecting geometrical construc-
tions, certain constructions that may be easily admitted
as possible are made the foundation of others which are
not so obvious. These simple and easily admissible
constructions are called postulates. They are three
in number :—

(1) A straight line may be drawn from any one point'to any other
point,

(2) A finite (or terminated) straight line may be produced to any
length in that straight line,

(8) A cirsle may be drawn with any point as centre and with a
radius equal to any finite straigh line.

Note. The first iwo constructions may be practically carried out
with the help of an ungraduated flat ruler, whilst the third requires
the use of a pair of compasses which may bhe so adjusted as to trans-
fer a distance from one position to another.

+2. Some constructions which are not so obvious as
the postulates, and which, in fact, may have to be per-
formed with the help of one or more of them, may as
well be taken for granted for the purpose of establishing
a geometrical truth. A construction, which is thus
assumed before it is shewn Zow it can be performed, is
called a hypothetical construction. It is
clear therefore that a construction which is hypothetical.
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in one place js not necessarily so in another. In Bouk I.
the following constructions will be assumed before they
are formally proved :—

(1) A perpendicular may be drawn to a given straight
line from any given point in that straight line.

(2) A straight line may be drawn to bisect any
given angle.

(3) Through any given point a straight line may he
drawn parallel to a given straight line.



SECTION IIIL

AXIOMS (OR SELF-EVIDENT TRUTHS).

1. Things which are equal to the same thing are equal!
to one another.

Q2. If equals be added to equals the wholes are equal.
8. If equals be taken from equals the remainders are:
equal.

4. 1If equals be added to unequals the wholes are-
unequal.

5. If equals be taken from unequals the remainders.
are unequal.

6. Things which are doubles of the same thing, or
of equal things, are equal to one another.

7. Things which are halves of the same thing, or of
equal things, are equal to one another.

8. Magnitudes which can be made to coincide with:
one another are equal.

Note 1. It is assumed that any magnitude may be taken up:
from its position and placed upon another magnitude without change
of shape or side.

Note 2, The word magnitude is to be understood to mean a line
or an angle, or a figure.

Note 3. The process of taking up one magnitude from its.
position and placing it upon another is called superposition ; and
the former magunitude is said to.be applied to the latter.
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9. The whole is greater than its part.

N B. [t isalso obvious that the whole is equzl to the sum of its
patrs.

10. Two straight lines which coincide in their
extremities coincide completely. )

N.B. This is equivalent to saying that “two straight lines cannot
enclose a sarface”.

11. All right angles are equal.

12. Two straight lines ~which intersect one another,
cannot be both parallel to the same straight line.

(Playfair's Aziom.)

EXERCISE (1).

1. 1Isa very small ink-spot on paper a point ? if not,
what is it ?

2. Is a straight line drawn on paper really a geome-
trical straight line ?  1f not, what is it ?

3. 1f a finite straight line be supposed to be divided
into a very large number of equal parts, has any of these
parts any démension ? If so, what ?

4. What kind of magnitude is the doundary between
the calm water of a tank and the air above? and
why ? N

5. Define a plane. If on a finite plane two parallel
etraight lines be supposed to be drawn very close to each
other, and to be terminated by the boundary or boundaries
of the plane, does any portion of the plane lie between
the two lines ? If so, under what circumstances will there
be no portion of the surface between them ?



20 MODERN GEOMETRY. {BOOK

6. If two plane surfaces have two points A and B in
common, prove that the straight line drawn from A to Bis
also common to the two planes.

7, If the extremities of one finite straight line fall
upon those of another, two lines are equal. Why ?

8. If the paper on which a straight line AB is drawn
be so folded that the point A comes upon the point B, and
if C be the point on AB through which the crease passes,
then C is the middle point of AB. Why?

9. When does one angle coincide with another ?

10. If the paper on which a straightline AB is drawn
be so folded that one portion of the line fallsupon another,
and if O be the point on AB through which the crease
passes, and if C be any other point on the crease, prove
that OC is perpendicular to AB.

11. If a straight line starting from the position OA
continually rolates about O in the same direction until it
comes back to its old position, it turns through four right
angles. How?

12. AB and CD are two finite straight lines of which
AB is greater than CD.  Shew how the third postulate can
be applied in entting off from AB a part equal to CD.

13. Shew how the postulates can be applied in drawing
from a given point A a straight line equal to a given
straight line BC.

14. Two finite straight lines AB and CD are equal to
one another. If E be a point on AB and F be a point on
CD such that AE is equal to CF, then EB is also equal
to FD. Quote the axiom by which this is proved.
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156, 1t one angle ABC be applied to another angle
PQR so that B coincides with Q and BC falls upon QR,
it is found that BA occupies an intermediate position
between QR and QP. Quote the axiom by which it is
proved that the angle ABC is less than the angle PQR.

16. AOB is an angle. If the B
paper be folded so that OA falls on _c
OB and if the straight line OC _—

marks the crease, then OC ig the

. o A
biscctor of the angle AOB. How?



SECTION 1IV.

EXPLANATIONS OF TERMS, SYMBOLS
AND ABBREVIATIONS.

1. A complete discussion of a geometrical truth, or of
a geometrical construction, is called a Proposition.

2. Propositions are of two kinds, 7Theorems and
Problems

3. A proposition in which a geometrical truth is stated
and proved is called a Theorem.

4. A proposition in which a geometrical construcetion
is proposed and effected is called a Problem.

5. A proposition consists of four parts :—The Knin-
ciation, the Particular Enunciation, the Construction
and the Z2’roof.

(i) The statement in general terms of what is te be
proved, or of what is to be done, is called the Enuncia-
tion.

(ii) The slatement of what is to be proved, or of what
is to be done. wilh special referenice to @ particular dia-
gram, is called the Particular Enunciation.

(iii) The drawing of such straight lines and circles as
may be required to prove the truth of a theorem, or to
accomplish the object of a problem, is called the Cons-
truction.

(iv) The part of a proposition in which, when it is a
theorem, the truth of the theorem is proved, or in which
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ABBREVIATIONS.

When it is a problem, the construction m
have accomplished the desired end, is called the Proof.

Note. In the case of a theorem,

Tegarded as forming part of the Proot,

23

ade i3 proved to

the constraction may be

6. The following symbols and abbreviations may be
wsed in writing out propositions :—

‘e

OOF =D 2N

v

Pt.
Str.
Parlll'

Sq.
Rect.

Jfor

"

is, or are,
equal to,

is, or are,
less than

therofore.
because,

equal to ;

angle.

right angle.
triangle.
parallel.

Rectil.
Diff.
Opp.

o Adj.

Diag.
Def.

" Post,

perpendicular. |

vircle.
cireuinterence
greater than ;
18 or are,
greater than.
less than ;

Point.
Straight line
Parallelogram.

Ax.
Cons.
Hyp.
Equilat.
I'sos.
Quadl.
Reqd.

. Int.

' Bxt.
Prop.

" Th.

Square. ]

Rectangle.

Cor.

Jor

LR
tR]
99
”
I
"
b1
"
”

"

Join AB,,

Rectilineal.
Defferent.
Opposite.
Adjacent.
Diagonal.
Definition.
Postulate,
Axiom.
Construction
Hypothesis.
Equilateral.
Isosceles.
Quardrilateral.
Required.
Interior.
Exterior.
Proposition.
Theorem.
Corollary.
Draw the
straight line
from A to B,



SECTION V.
THEOREMS,

Theorem 1. (¥ocup 1. 13.)

If two adjacent angles be such that their non-coinci:
dent arms are in the same straight line, then these two
angles are together equal to two right angles,

D

B 0 a

Let AOC and COB be two adjacent angles, of which
the non-coincident arms OA and OB are in the same

straight line. ,

To prove that the angles AOC and COB
are together equal to tworight angles.

Cons. Suppose OD is drawn perpendicular to the
straight line AOB.
Proof. Thenthe 2s AOC, COB are together
=the three Zs AOC, COD, DOB.
Algo the Zs AOD, DOB are together
=the same three Zs AOC, COD, DOB.
. the Zs AOC, COB are together
=the £s AOD, DOB (dz. 1)
= two right angles. Q. E. D.
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Alternative proof.

The 2s AOC, COB are together
=the straight angle AOB
=two right angles. (Def. 9, Note 3.)
Q. E. D.

Corollary 1. If two straight [ines cut ong another, the four angles
thus formed are together equal to four right angles.
Cor. 2. If any number of straight lines diverge from a given point,
the sum of the consecutive angles so formed s equal to four
right angles.

For, if any one of the lines Le produced through the
common point, the sam of the angles on each side of this
line=two rt. £s; and .. the sum of the £s on both
sides = four right anglesx.

Note 1. The letters Q. E. D., which are found at the end of a theo-
rem stand for (Yuod erat demonstrandum, which was to be proved.

Note 2. A geometrical truth which can he easily deduced from
a theorem is called a Corollary to it.

Note 3. Intheenunciation of a theoren, that which is assvmed to
be true is called the Hypothesis, and that which is required to be
proved is called the Conclusion. In Theorem 1. the hypothesis is
that the arms OA and OB, of the adjacent angles AOC and COB,
are in the same siraight line; and the conclusivn i that the angles
AOC and COB are together equal to two right angles.

Note 4. When two angles are together equal to two right angles,
each of them is called the Supplement of the other, and the two
angles are said to be Supplementary to each other. Thus, in the
diagram of Theorem 1, each of the angles AOC and COB is the
supplement of the other.

Note 5. When two angles are together equal to one right angle,
each of them is called the complement of the other, and the two-
angles are said to be complementary to each other. Thus, in the
diagram of Theorem 1, each of the angles AOC and COD is the
complement of the other.
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Theorem 2 (Euc. 1. 14.)

If two adjacent angles be such that they are together
equal to two right angles, then their non-coincident arms
-are in the same straight line.

B o A

Let the adjacent angles AOC and COB be together
‘equal to two right angles.

To prove that OB is in the same str.line
with AO.

Proof. OB must be in onc of two conditions; it
must be either in the same str. line with AO, or not so.

Suppose OB, is nof in the same str. line with AO, and
that OD, which is different from OB, is the produced part
of AO,

Now, since OA and OD are in the same str. line, there-
fore the Zs AOC and COD are together=two right
angles.

But, by hypothesis, the Zs AOC and COB are together
=two right angles.

the 24 AOC + the £ZCOD= the ZAOC+ the
L COB, (4z. 1.)
the £ COD=the £COB; (A4z. 38)

i.¢., a part is equal to the whole, which is 1m possible.
(Az. 9)
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Thus, it is absurd to suppose that OB is 7ot in the
same straight line with AO.

Clearly therefore OB is in the same str. line with AO.
Q. E. D.

Note 1. In Theorem 2, the hypothesis is that the angles AOC
and COB are together equal to tico right angles; and the conclusion
is that the arms, OA and OB, are in the same straight Lline. Clearly
therefore the hypothesis and conelusion of Theorem 2 are respectively
the conclusion and hypothesis of Theorem 1. From such a relation
between the two theorems, Theorem 2 is =aid to be the converse of
Theorem 1. Tn other words, if two theorems he so related that the
hypothesis of each is the conleusion of 1he other, then either of them
is said to be the converse of the other.

Note 2. The method of proof used in this proposition is called
the Indirect Method. It is quitcclear that the straight line OB must
«ither Te in the same straight line with AQ, or wof ; hence when the
second supy osition is proved 1o be absurd, the inevitable conclusion
i that the first is correct.  Thus, the sndircet method cousists in
proving the truth of a theorem by proving the absurdity of ihe sup-
position that the theorem 18 not true. 'This method is also called
reductio ad absurdum: it is generally employed in proving the
converse of an estabilshed theorem.
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Theorem 3. (Fuc.I 15.)

If two straight lines cut one another, the vertically
opposite angles are equal.

c

D

Let the straight lines AB. CD cut one another at the
point O.
To prove that

(1) the £AOC=the/BOD }
and (2) the 2COB=the/DOA

Proof. The /2 AOC+the £ COB={wo rt. angles }
also, the £ COB +the ZBOD=two rt. angles; |
(Th. 1.)
the Z AOC +the 2 COB

=the £COB +the ZBOD. (4. 1))
the £ AOC=1ibe 2 BOD (Az. 3.)

by a similar mode of reasoning, the 2 COB

=the Z DOA.
Q. E. D.

Cor. Supplements of the same angle are equal to one another.

EXCERCISE (2).

1. If two straight lines CC, OD diverge on opposite
sides of the straight line AOB, so that the LAOC
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=the / BQD, prove that OD is in ihe same straight
line with CO.

2. Two straight lines AB, CD cut one another at O.
Prove that the bisector of the £ AOC, when produced
through O, also bisects the £ BOD.

3. ABC and PQR are two acute Zs equaltoone
another. Prove that their supplements ave equal. Prove
also that their comwnlements are equal.

4. If {wo slraight lines cut one another and if one of
the four angles so formed be a right angle, prove that each
of the other three angles is a right angle.

5. If four straight lines OA, OB, OC, OD diverge
from a point O, so that each of the £s AOB, BOC, COD,
DOA is a right angle, prove that AO, OC are in the same
-straight line, and so are BO, OD.

6. Prove (hat the bisectors of two vertically opposite
angles are in one and the same straight line.

7. 1f four straight lines OA, OB, OC, OD diverge
from a point O, so that the ZAOB=theZ COD and
‘the .. BOC = the £ DOA, prove that AO, OC are in the
same straight line, and so are BO, OD.

8. Prove that the internal and external bisectors of an
angle are at right angles to each other. (The bisector of an
angle and that of its supplement are called the internal
und external bisectors of the angle.)



30 MODERN GEOMETRY. [BOOK
Theorem 4. (Ruc. I 4.)

- If two triangles be such that two sides and the
included angle of one are respectively equal to two sides
and the included angle of the other, then these two
triangles are equal in all respects.

A D

L] v X v

B [+ E F

Let ABC, DEF be two triangles such that
a1 AB=DE,
(2) AC=DF,
and (3) the included 2 BAC - the included 2 EDF.

To prove that the A ABC=the A DEF in all
respects.

Proof. Apply the A ABC to the A DEF, so that A
falls on D and AB on DE. Then, because the Z BAC
= the £ EDF. (Hyp.)

s AC must fall upon DF,

Now, since AB falls on DE, and AB=DE,
B falls on E ;
and, since AC falls on DF, and AC=DF,
C falls on F.
BC coincides with EF. (Az. 10.)

Thus, the sides AB, AC, BC coincide respectively with
DE, DF.EF;
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and . the A ABC coincides with the A DEF.

Hence the A ABC=the ADEF in «ll respects.
' (da. 2.)
Q. E. D

Note 1. Every triangle is said to have six parts. the three sides-
and the three augles. The sides of a triangle also enclose ar amount:
of surface which is called its area.

Note 2. When one triangle coincides with another, it is evident
that all the six parts und the area of the one are respectively equal tg.
all the six parts and the area of the other.

Note 3. [n Theorem 4, it isshewn that under the conditions given,
the triangles can be madeto coincide with one another, and hence they
arc equal in all respects i.e., all the six parts and the area of the one
are respectively equal to all the six parts and the area of the other.

Note 4. When two triangles are equal in all respects, they are
said to be identically equal or congruent,

Note 5. TIn congruent triangles, angles opposite to equal sides are
equal, as is cvident from the above diagram,

Note 6. When we say that the triangles ave cqual in all respects,
this certainly includes the three equalities which form the Aypothesis—
AB=DE, AC=DF, LA=/D. Hence.to make a clear distinction
between hypothesis and conclusion, we should say that the conclusion
is that BC=EF, /B=/E, £C=/£F, und the area of A ABC =the
arca of A DEF. That is, of the seven cqualities possible, if the above:
three hold good, the other four must necessarily follow.
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Theorem 5. (Euc. I 5.)
If two sides of a triangle are equal, then also the
angles opposite to these two sides are equal,

A

»

Let ABC be a A, having the side AC =1he side AB.
, *To prove that the £ ABC=the Z ACB.

Proof. Let AD be the bisector of the L%EBAC, and
let it meet BC in D, Fold the paper about’AD from left
to right. ’

Then since the £ BAD =the £ CAD,

% AB must fall upon AC,
And, since "~ AB=AC, (Hyp.)
B must fall on C, and consequently BD will
coincide with DC.

Thus the £ ABD coincides with the £ ACD,
and is .* equal to it. (4z. 8.)
Q. E. D.

Cor. /fatriangle is equilateral, it is also equiangular.
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Theorem 6. (Evc. I 6.)

If two angles of a triangle are equal, then also the
sides opposite to these two angles are equal,

A

R c

Let ABC be a A, having the Z ABC =the .~ ACB.

To prove that the side AC=the side AB.

Proof. Suppose AC ig notequal to AB. Then one
-of them must be the greater; let AB > AC, and from
BA cut off BD = AC.
Join DC.

Then in the As DBC, ACB,

hecause (1) DB =AC,
(2) BC is common to both,
and (3) the included £ DBC

=the inculded £ ACB ; (Hyp)

. the ADBC=the AACB; (Th. 4.)
i.e., a part is equal to the whole,

which is impossible. (Az. 9.)

_ Thus itis absurd to suppose that ACis not equal to
AB. Undoubtedly .. AC=AB. Q. E. D.

Cor. If a triangle is equiangular, it is also equilateral.

Note. Theorem 6 is evidently the converse of Theorem 5.

3
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Theorem 7. (Evc.l 8)

If two triangles be such that the three sides of one are
respectively equal to the three sides of the other, them
these two triangles are equal in all respects.

A D
E F
B C

G

Let ABC and DEF be two As, having
AB = DE,
AC=DF,
and BC=EF.

To prove that the two Asare equal in
all respects.

Proof. Of the sides of the A DEF, let EF be that
which is not less th@u either of the other two.

Apply the A ABC to the A DEF, so that BC, which
=EF, may coincide with EF, and so that A may fall on.
that side of EF which is remote from D.

Let GEF be the new position of the A ABO.
Join DG.
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Then singe EG =ED, (Hyp.)
the LEDG=the LEGD; . (Th. 5.)
and since FG=FD, (Hyp.)
the L FDG=the £FGD. (Th. 5.)
Hence, the whole £ EDF =the whole £ EGF ;
(Az. 2.)
i.¢., the £ EDF =the £ BAC.
Now in the As ABC, DEF, we have
(1) AB=DE,
(2) AC=DF,

and {3) the included £ BAC =the included £ EDF ;

the A ABC =the A DEF in all respects.

(Th. 4.)
Q. E. D.
Note. In Theorem 7, it is proved thatin the two As ABC and
DEF, if it be given that AB=DE. AC=DF, and BC=EF, then it
necessarily follows that ZA=/D, /B=£E, /C=/F, and the area
of the AABC =the area of the ADEF. It must be remembered that

those angles are egual which are opposite to equal sides.

EXERCISE (8).

1. Prove that the bisector of the vertical angle of an
isosceles triangle bisects the base and is also perpendicular
to it.

2. Prove that the straight line (1r§wn from the vertex
of an isosceles triangle to the mid-point of the base bisects
the vertical angle and is also perpendicular to the base.

3. If BC be the base of an isoscelestriangle ABC, and
if AB, AC be produced, prove that the angles formed on
the other side of the base are equal.
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4. AB is a given str. line ; if the str. lire CD. passes
through the mid-point of AB and is algo perpendicular to
it, prove that any point in CD is equidistant from the
points A and B.

5. ABC and DBC are two isos. Ag on the same base
BC and on the same side of it. Prove that if AD be
joined, and produced to meet the base, it will bisect the
vertical angles of the As and be also perpendicular to the
base.

6. ABC is an isos. A on the base BC ; if the bisec-
tors of the base angles meet at D, and if AD be joined,
prove that AD bisects the 2 BAC.

7. Prove that the angles opposite to the unequal sides
of a triangle are also unequal.

8. If two quadrilaterals ABCD and EFGH be such
that AB=EF,BC=FG, CD=GH, ZABC= ZEFG, and
£ BCD= ZFGH, shew that the two figures can be made
to coincide with one another.
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Theorem 8. (Xuc. I.16.)

If one s/d‘e of a triangle be produced,then the exteroir
angle is greater than either of the interior opposite
angles

A F

Let one side BC of the A ABC be produced to D.

To prove that the exterior ~ZACD is
greater than either of the interior oppo-
site 2s BAC, ABC.

Let E be the middle point of AC.
Join BE; and produce it to F, making EF = BE.

Join CF.
Proof. Inthe As AEB, CEF, we have
(1) AE=CE,
(2) EB=EF,
and (3) the Z AEB = the vertically opp. £ CEF,

(Th. 3.)

the two As are congruent. (Th. 4.)

Hence. the ZBAE= the ZECF, being opp. to the
equal sides BE, EF.

But the 2 ECD is greater than the ZECF ;
the Z ECD is greater than the Z BAE ;
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i.e., the £ ACD ig > the £BAC.

In the same way, producing AC to G and joining A
to the middle point of BC, it may be proved that the
£BCG is > the £ ABC.

But the £ BCG =the vertically opp. £ ACD ;

the £ ACD is > the £ ABC. Q. E. D.
Cor. Any two angles of a triangle are tegether less than two
right angles.
For, in the above diagram, the £ ABC is less than the
LACD; . the ZABC + the ZACB is less than the
ZACD + the ZACB,andis .. <twort Zs.
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Theorem 9. (Buc. I 18.)

If one side of -a triangle be greater than another,
then the angle opposite to the greater side is greater than
the angle opposite to the Jess.

Let ABC be a A, having the side AC > the side AB,
To prove that the 2~ ABC is > the £ ACB.
From AC cut off AD =AB.
Join BD.
Proof. Because AB=AD,
the Z ADB=the £ ABD. (Th. 5.)

But the ext. ZADB of the ABDC is greater than
the int. opp. £ DCB, 7.e., greater than the ~ ACB.

the £ ABD is > the £ ACB.

Much more then is the Z ABC greater than the Z ACB.
Q. E. D.
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Theorem 10. (Evc. I 19.)

If one angle of a triangle be greater than another,
then the side opposite to the greater angle is greater
than the side opposite to the |ess..

/N

8 C

Let ABC be o A, having the Z ABC greater than the
£ ACB.

To prove that the side AC > the side AB.

Proof. 1If AC is not greater than AB, then it must
be either = AB, or legs than AB.

(1 1 AC=AB,

then the £~ ABC=the £ ACB; (Th. 5.)
which is impossible, by hypothesis.

(2) It AB be < AB.

then the £ ABC is less than the £ ACB, (Th. 9.)
which is also impossible, by hypothesis.

Thus, AC is neither equal to, nor less than AB;
AC > AB. Q. E. D.
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Theorem 1. (Evc. I. 20.)

Any two sides of a triangle are togetherigreater than
the third side.

B ~ C
Let ABC be a triangle.
To prove that any two of its sides, AB.
and AC, are together greater than the third.

side BC.
Produce BA to D, maikng AD = AC.

Join DC.
Proof. Because AD=AC.
the Z ACD = 2 ADC. Th. 5.)

But the £ BCD is > the £ ACD;
the £ BCD is also > the 2 ADC,
that is, the < BCD is > the £ BDC.
Hence, from the ABDC, we have
BD greater than BC. (Th. 10.)
But BA and AC are together=BD ;
BA and AC are together > BC.
Q. E. D.
Cor. The difference of any two sides of a triangle is less than
the third side.
For, AB-AC is < BC, if AB < AC+BC, and thisg
latter is true.
Note. A straight line may be regarded as the shortest distance-
between its extreme posnts. From this point of view, the above-
theorem is self-evident.

———
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Theorem 12.

~ Of all the straight lines that can be drawn to a given
straight line from a given point outside it,

(i) the perpendicular is the shortest ;

(i) every two that meet the straight line at equal
distarices from the foot of the perpendicular, are equal ;

(iiiy one that meets the straight line at a greater
distance from the foot of the perpendicular than another,
48 greater than that other.

Let OC be the perpendicular from the given point O to
the given str. line AB.

(i) Let OP be any other str. line from O meeting the
:given str. line at P.

»v=1 To prove that OP > OC.

Proof. Because the side PC of the A OCP ig pro-
«duced to B, ‘

the £ OCB > the £ OPC. (Th. 8.)
But the Z OCB =the £ OCP,

the £ OCP is > the £ OPC.
Hence OP > OC. (Th. 10.)

(i) Let the two str. lines OP and OQ, drawn from
the point O to the given str. line, be such that CQ=CP.
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To prove that 0Q = OP.
Proof’ Inthe As OCP and OCQ. we have
(1) CP = CQ,
(2) CO common,
and (3) the £OCP = the £0CQ;
the two triangles are congruent. (Th. 4.)
Hence OQ = OP.
(iii) Let the two str. lines OQ and OR, drawn from
ihe point O to the given str. lines, be such that CR > CQ.
To prove that OR > 0Q.
Proof. The ext. ZO0QR is > the int. opp. £0CQ :
(Th. 8.)
the £ OQR is obtuse.
Also the ext. ZOCA ig > the int. opp. ZORC ; (Th. 8.)
the £ ORC is acutr.
Hence the ZOQR is > the Z0ORQ:
OR > 0Q. (Th. 10.)
Q. E.D.

Note. The length of the perpendicnlar from a given point upon
a given straight line is ealled thedistance of the point from that line.

EXERCISE (4).

1. ABCisa A ; AD bhisects the £ BAC and meets
BC at D. Prove that AB > BD, and CA > CD. Hence
shew that AB+ AC > BC. ‘

2. The two base Zs of any A are together less than
two right angles. Prove this by joining the vertex to any
point of the base.
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3. Prove that in a triangle one angle of which is
either right or obtuse, cich of the other two angles is
ucule.

4. If ina A ABC, the Z BAC be greater than the
£ ABC, prove that the angle ABC is acute.

5. Prove that only one perpendicular can be drawn
to a given straight line from a given point outside it

6. Prove that fromm a given point outside a given
straight line there can be drawn to it two and only two
straight lines that are equal to one another.

7. D isany point within a A ABC; it BD and CD
are joined, prove that the angle BDC is greater than the
angle BAC,

8. D isuny point within a AABC; if BD and CD
are joined, prove that AB+AC > BD +DC.

9. If Oisany point within a A ABC, prove that
the sum of the lines OA, OB, OC is less than the sum,
but greater than half the sum, of the sides of the triangle.

10. If ABCD be a quadrilateral such that AB is the
greatest and CD is the least of its gides, prove thal the
£ BCD is greater than the £ BAD, and the ZADC is
greater than the £ ABC.

11. Prove that the summ of the diagonals of any
quadrilateral is less than the sun, but greater than half the
sam, of the sides of the quadrilateral.

12. AB, AD are two equal sides of a AABD ; if AD
i produced to any point C and BC is joined. prove that
DCis < BC. Hence deduce a construction for proving
that the difference of any two sides of a triangle is less.
than the third side.



1.] THEOREMS. 45

Theorem 13. (Euc. L. 27 and 28.)
If a straight line, cutting two other straight lines
makes,
(i) the alternate angles equal ;

or  (ii) an exterior angle equal to the interior opposite
angle on the same side of it ;
or (iii) the interior angles on the same Side equal to

two right angles ;
then those two straight lines are parallel.

Let the str. line EF cut the two str. lines AB, CD at
G and H.

(i) Let the alternate /s AGH, GHD be equal to one
another.
To prove that AB and CD are parallel.

proof. It ABand CD are not parallel, they will mneet

when produced either towards B and D, or towards A
and C.

Suppose, when produced towards B and D, they meet
at the point K.

Then KGH is a A, of which the side KG has heen
‘produced to A ;
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<. the ext. Z/ AGH is > the int. opp. Z GHK.

(7. 8)

But this is contrary to the hypothesis ; .
. AB and CD cannot meel when produced towards

B and D.
Similarly they can %ieither meet towards A and C.
Hence AB and CD arc parallel.

" (ii) Let the ext. Z EGB be = the int. opp. £ GHD.

To prove that AB and CD are parallel.
E
A 7/ B
c B D
J
Proof. Becaunse the Z EGB=the £ GHD,
and the £ EGB =the vertically opp. ZAGH;
the Z AGH =the Z GHD, (da. 1.)
which are allernate angles.
s AB and CD are parallel.

(iii) Let the two int. £s BGH, GHD, on the same
gide of EF, be together =two rt. / «

To prove that AB and CD are parallel.

Proof. Because the 2 BGH +the £ GHD
=twort, Ls,
and also the Z BGH +the £ AGH
=twort. £§: (Th. 1)
the ZBGH +the Z GHD
=the 2 BGH+the £ AGH. (dx. 1.)
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Hence, the £ GHD =the £ AGH, “z 3.)
which are altiernate angles.
<+ AB and CD are parallel. Q. E. D.

Cor. If two straight lines are perpendicular to the same straight
line, thay are paraliel {o one another.

Note 1. Altogether cight /s have been formed at the points G
and H. Of these Zs, the two that lic above the line AB, as well as
the two thatlie below CD, are called exterior angles ; whilst the
remaining four /s are called snterior angles. They ‘are only two
pairs of alternate £s: £s AGH and GHD forming one pair, and the
£s BGH and GHC forming the other. Any ext. £ and the int. opp.
£ on the same side of EF are said to form a pair of corresponding
£s ; thus the £s EGB and GHD are a pair of corresponding £s ;
similarly there are three other pairs of corresponding /s.

Note 2. There are three different hypothesis, and in each case
the conclusion is one and the same. Hence the proposition might
very well be split up into three scparate propositions.

Note 3. Auny straight line that cuts two or more given lines is
called o transversal. Thus, in the above dingram, the straight line
EF is a transversal.

Note 4. If any fixed and
unlimited str. line PQRS cuts P
any two str. lines AB,CD at Q A
and R, AB is ito CD when B Q
the £s AQP and CRP ure
equal. Hence if AB and CD

be both snpposed to be ini- D R c
tially on the fixed line PS, /
and then to turn in the wateh- s

hand way, AB about the point Q@ and CD about the point R, they
will become parallel when they have undergone the same amount of
turning. Heunce, two str. lines ave parallel when they have the
same direction,
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Note 5. Leta str. line EF cut
astr. line AB at G. Let another
-str, line CD rotate about the pt. H
-on EF, in the direction of the arrow
head, starting from a position of
coincidence with EF, Then it is
-evident that the /EHD gradually
incereascs, whilst the £ DHF gradu-
ally decreases. Hence there is one
position of CD andone only in which

- e — e e - @

the /EHD =the ZEGB, andin this position CD is parallel to AB.
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Theorem 14; (Eve. 1. 29
If a straight line cuts two parallel straight lines, it
makes,
{i)y the alternate angles equal to one another ;
(i) the exterior angle equal to the interior oppo
site angle on the same sirde of it ;
and  (iii) the two interior angles on the same side to-
gether equal to two right angles.
[ —
A B

G

0 X

7] D

(3

Let the str. line EF c¢ul the 0 str. lines AB, CD at the
pts. G and H.
() To prove that the 2AGH = the alt.
£ GHD.
Proof. 1Ifthe ZAGH Db not cqual to the 2 GHD,
let the 2 KGH be equal to it.
Now since the Zs KGH and GHD are alt. Zs, and
-equal to one another.
KG is parallel to CD. (Th. 13)
Bat, by hypothesis, AB is parallel to CD ;
the two str. lines AG, KG, which intersect one
another, are 6otk | to'CD, whicly is impossible.
(Pluyfair's Azioi)
Thus, the £ AGH cannot be unequal to the £ GHD ;
. LAGH=the £ GHD.
(2) To prove that the ext. < EGB
=the int. opp. 2 GHD.
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Proof. Because the Z AGH ,
= the £ GHD, (already proved.)
and also the 2 AGH =the vertically opp. ZEGB ;
the ZEGB = the £ZGHD. (4z. 1.)
(8) Toprovethat thetwo interior s BGH,.
GHD are together=two rt. £s.
Proof. Because the ZEGB = the 2 GHD,

(proved above.)
the £ EGB+the £ BGH = the £ GHD +the:

£ BGH.
But the £s EGB, BGH are together
=twort. £s; (Th. 1.)
the Zs BGH, GHD are together
=twort. Ls. Q. E. D.

Cor. 1. If astraight line is perpendioular to one of two parallel
straight linss, it is also perpendicular to the other.

Cor. 2. Two angles having parallel arms are either equal or supple~
mentary.

In the accompanying c

B Pl
diagram, let the str. line .
CPD be | to OA and PE
to OB. If OA and PE E
be produced to meet at F, = 4~

it is easy to see that Zs

AOB, CPE are cquul, cach of them being supplementary
to the £ PFO; and ihat £s AOB, DPE arc supplementary,
the < DPE being=the Z4PFO which is supplementary

to the ZADB.

Note. In any str. line AB, the direction from A to B is opposite
to that from B to A. This idea is also expressed by saying that the:
line AB is opposite in sense to the line BA.




L]} THEOREMS, 51

Theorem 15. (Eoc. I. 30.)
Straight lines which are parallel to the same straight
fine are parallel to one another,

o

Let the straight lines AB, CD be each parallel to EF.

To prove that AB is parallel to CD
Draw any straight line PT cutting AB, CD and EF in
ibe points Q, R and S.

Proof. Since AB is || to EF, and PT cuts them,
the Z AQS = the alt. Z QSF. (Th. 14.)
Again, since CD is | to EF, and PT cuts them,
the ext. £ QRD =the int. opp. Z QSF. (7. 14.)

Hence the £Z AQR = the £ QRD. 4z, 1.)
But these are alternate £s ; .
<. ABis|to CD. Q. E. D.

Alternative Proof. If!AB isnot | to CD, they
will meet when produced ; and then we have two inter-
secting str. lines both parallel to a third straight line,
which is imposible. (Playfair's Aziom.)

Hence AB and CD cannot meet, and .. they are
parallel.

Note. If EF lies between AB and CD, the truth of the theorem
becomes obvious. For, if ABand CD were to meet, one of them

would cut EF, which is impossible. Hence AB and CD canpot meet,
and .. they are parallel.
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EXERCISE (5).

1 1If a str. line culs two parallel str. lines prove that
the bisectors of any pair of alt. angles are parallel.

2. If one angle of a parallelogramm be a right angle,
prove that the other three angles also are vight angles.

8. If a straight line intersecting two other straight
lines make two exterior angles on the same side of the line
together equal to 'two right angles. prove that the two
straight lines are parallel.

4. 1If through the vertex of an isosceles triangle a
straight line be drawn parallel to the base, prove that it
bisects the exterior vertical angle.

5. If the side BC of atriangle ABC be produced to D,
shew that the biscctors of the angles BAC, ACD cannot be
parallel.

6. If two straight lines be such that one of them is
perpendicular to a given straight line while the otheris not,
prove that they must intersect each other.

7. If any two straight lines be drawn perpendicular to
two given intersecling straight lines, prove that they must
interesect.

8. Through cach angular point of a triangle a str. line
is drawn parallel to the opposite side ; prove that the tri-
angle formed by these three str. lines is equiangular to the
given triangle.

9. If a quadrilateral ABCD be such that the diago-
nals AC, BD bisect each other, prove that the quadrila-
teral is a parallelogram.
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.Theorem 1€. (Euc. I. 32)

The sum of the angles of a triangle is equal to two
right angles.

Let ABC be a triangle.

To prove that the /s ABC, BCA, CAB are
together=twort. 2.

Suppose, through the pt. A, the str. line DAE has been
drawn | to BC.

Proof. Since DE is| to BC and AB meets them
the £ ABC =the ult. £ DAB.

Again, since DE is [ to BC and AC meets them,
the £ BCA =the alt. ~ CAE.

Hence, the Zs ABC, BCA are together
=the £ s DAB, CAE.
To each of these equals add the Z BAC ;
the sum of the Zs ABC, BCA, CAB
=the sum of the Zs DAB, BAC, CAE
=two right angles. Q. E. D.

Cor. 1, If anyside of a triangle is preduced, the exterior angle
is equal to the sum of the two interior opposite angles,
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In the accompanying dia-
gram, the sum of the Zs BCA, A
ACD=two rt. /s = the '
L BCA + the LCAB + the
LABC; .. the £ ACD-=the
LCAB+the £LABC. (42. 3.)
Cor. 2. If two triangles have two angles of the one respsctively

6qual to two angles of the other, then the third angle of the one ig
squal to third angle of the other.

8 [ [

Note 1. Ifa right angle be supposed to be divided into 90 equal
parts, each part is called a degree; asixtieth part of a degree is
called a minute, and a sixtieth part of a minute is called a second.
Tu other words, 60 seconds make a minute, 60 minutes make a degree,
and 90 degrees make a right angle. 8 degrees, 13 minutes and 20
seconds is written as 87 13’ 20",

Note 2. The sum of the angles of a triangle =180
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Theorem 17.

If the sidés of a rectilineal figure, which has no re-
-entrant angle, are produced in order, then the sum of the
exterior angles so formed is equal to four right angles,

Let the sides of the rectilineal figure ABCDE be res-
pectively produced in the directions shewn by the arrow-
‘heads.

To prove that the exterior 2sA,B,C,D, E
are together=four right 2s.

Take any point O, and suppose the str. lines OA, OB/,
OC’, OD’, OE’ are drawn || respectively to the sides EA,
AB, BC, CD, DE ; each being drawn in the sensein which
the corresponding side is produced.

Proof. Since OA’ is| to EA produced, and OB’ is
1 to AB,
the ext. < A=the £ A'OB’. (Th. 14, Cor. 3.)

Similarly, the ext. Z B=the £ B'OC’,
the ext. £ C=the £ C'OD’,
the ext. 2D =the £ D'OE".
the ext. ZE=the ZE'O'A’"./
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Hence, the sum of the ext. £8 A, B,C, D, E
= the sum of the £sat O .
= four right angles. (Th. 1, Cor. 2)
Q. E. D,

Cor. If a convex*® rectilineal figure has n sides, then the sum of
all its interior angles is equal to (2n —4) right angles.

Let ABCDE be a convex rectilineal
figure having n sides ; then it has also
7 interior Z s and n vertices.

If the sides be produced in order, we find that the sum
of the int. and ext! £ at each vertex =2 rt, £,

Hence, the smn of the int. and ext. Zs at the n
vertices =2n vt. L5

That ig, the sum of all the int. Zg + the sum of the
ext. Ls=2nrl. L

But the sum of the ext. £Ls=4rt. £Lg; .. the sum of
the int. Zs= 2n—4) rt. £ s. '

Note 1. The sides of a rectilineal figure arc said to be produced
in order, when, considering a point to move round the figure along
its sides, cach side is produced in the sense in - which the . point is
moving along it. '

Note 2. A rectilineal figure is said to be regular when it is
both cquilateral and equiangular. A vectilineal figure having five
sides is called n pentagon, and one having six sides is called a
hexagon, Hence a regular pentagon, or a regular hexagon, is
one which has all its sides and angles equal.

Note 3. The sum of the interior angles of a pentagon=6 right
angles. Heuce each angle of a regular pentagon = one-fifth of 6 rt.
angles= 108°. Similarly each angle of a regular hexagon = 120°.

*A rectilineal figure is said to be convez when it has no re-entrant
augle.
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EXERCISE {8).

L3
1. Prove that in a rt. angled triangle, cach of the
acute angles is the complement of the other.

2. If one angle of a triangle be equal to the sum of
the other two, prove that the triangle is ri. angled.

3. If one angle of a triangle be greater thanthe sum
of the other two, prove that the triangle is obtuse-ungled.

4. Prove that the sum of the angles of a quadrilateral
is equal to four right angles.

5. If one side of a triangle be produced the exterior
angle is equal to the sum of the two inferior opposite
angles. Shew how this can bevproved without deducing
it as a corollary to Theorem 16.

8. Prove Dby the application of Theorem 10, that the
interior angles of a pentagon are together equal to six.
right angles.

7. Tind the magnitude of an angle of a regular poly-
gon of ten. sides.

8. Prove that the acute augle between two straight
lines is equal to the acute angle between any two straight
lines at right angles to them.

9 Find the magnitude of the vertical angle of an
isosceles triangle each of the base angles of which is
double of the vertical angle.

10. Draw a diagram shewing that a heptagon (i.e., a.
rectilineal figure of seven sides) can be divided into five-
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triangles, and hence shew that the sum of its interior
-angles is equal to ten right angles. ¢

11. Prove that the straight line bisecting the exterior
vertical angle of an isosceles triangle is parallel to
-the base.

12. ABC, ABD, ACE are equilateral triangles ; prove
-that the points D, A, E are in the same straight tine.
13. A is the vertex of an isosceles triangle ABC, and

‘BA is produced to D, so that AD is equal to AB ; if DC s
joined, prove that BCD is a right angle.

14. BC is the hypotenuse of a right-angled triangle
ABC. If AD be drawn to meet BC, so that the angle BAD
is equal to the angle ABD, prove thal D is the middle
point of BC and that AD is half of BC.
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Theorem 18. (Evc. 1. 26.)

If two triangles be such that two angles and a side of
the one triangle are respectively equal to two angles and
the carresponding side of the other, then these two tri-
-angles are equal in every respect.

A 2]

Let the £ ABC, BCA of the A ABC be respectively
-equal to the 2 s DEF, EFD of the ADEF. Also

(1) let the side BC be
or (2) let the side AB be = the corresponding side DE,
or (8) let theside AC be

[

the corresponding side EF,

the corresponding side DF.

To prove that in each of these three
cases the two As are congruent.

Case I. Apply the A ABC to the A DEF sothat B
may be on E and BC on EF.

Then, because BC = EF,

C must coincide with F.
Now, since the £ B = the ZE,
. BA must fall on ED ;

and since the ZC = the ZF,
~. CA must fall on FD.
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Thus the point A falls both on ED and FD ;

A falls on D which is the point in which ED and.
FD intersect.

Hence the two As coincide, and are .+ equal in every
respect.

Case II. Since two £s of the AABC are respee-
tively equal to two Zs of the A DEF,

the remaining 2 BAC of the one

=1{he remaining Z EDF of the other.
(Th. 16, Cor. 2.)

Thus we have the Zs A, B respectively = the Zs D,
E and the side AB = the side DE. From this point we
have to proceed as in Case I, by so applying the AABC to
the ADEF that AB may coincide with DE.

Case III. Thisis exactly similar to Case I1, and we

have to proceed by applying the AABC to the ADEF so
that AC may coincide with DF.
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Theorem 19.

Two right-angled triangles which have their hypo-
tenuses equal, and one side of the one equal to one side
of the other, are equal in all respects

A

B cC 6 E F
Let ABC aud DEF be two right-angled As, in which

ihe hypotenuse AC = the hypotenusec DF, and the side
AB = the side DE.

To prove that the two As are equal in
all respects.

Proof. Apply the AABC to the ADEF go that AB
may coincide with DE to which it is equal, and C may
fall on that side of DE which is remote from F.

Thus, let DEG be the new position of the AABC.
Now, sinc¢e each of the £s DEF, DEGisa rt. £,
EG is in the same str. line with FE. (7. 2.)
Hence DGF iy a A, and since DF = DG. (Hyp.)
the 2 DGF = the Z DFG. (Th. 5)

Hence, in the As DEG, DEF, we have
(1) the ~ DEG = the ZDEF,
(2) the £DGE = the ZDFE, (proved ubove.)
and (3) DE common ;
<. these two As are equal in all respects. (7. 18.)
That is, the As ABC, DEF are equal in all respects.
Q. E. D.
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Theorem 20.

If two triangles have two sides of the one respec-
tively equal to two sides of the other, and have also the
angles opposite to one pair of equal sides equal, then the:
angles opposite to the other pair of equal sides are either
equal or supplementary.

Let the As ABC, DEF be such that AB=DE, AC
= DF, and the Z ABC = the 2 DEF.

To prove that the 2s ACB, DFE are either
equal or supplementary.

Proof. The angle BAC must be ¢ither equal ito the.
£ EDF or not.

Case I. When the ZBAC = the £ EDF.
In the As ABC, DEF, we have

(i) AB = DE,

(ii) AC = DF,
and (iii) the Z BAC = the'Z EDF;

the two As are congruent. (Th. 4. »

Hence the ZACB = the £DFE. '
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Case I.I. When the ZBAC is not equal to the:
. EDF.

On the same side of DE as F, suppose the £ EDG is.
made equal to the Z BAC, and let EF, produced if neces-
sary, meet DG in G.

Then in the As ABC, DEG, we have
(1) the £ ABC = the 2 DEG,

(2) the 2BAC = the ZEDG, (Cons.)
and (3) AB = DE;
the two As are congruent. (Th. 18.):
Hence, DG = AC = DF; }
and also the Z DGE = the ZACB.

Hence the ZDFG = the ZDGE = the £ ACB.
But the £ DFG is supplementary to the Z DFE ;
the £ ACB is supplementary to the £ DFE.

Q. E. D.

Note. Tt is possible for the angle ACB and DFE to be supple-
mentary only when one of them is acute and the other obtuse.
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Theorem 21, (Evc. I. 24.)

If two triangles be such that two sides of the one are
respectively equal to two sides of the other, but the angle
contained by the two sides of the one is greater than the
angle contained by the two sides of the other , then the
base of that which has the greater angle is greater than
.the base of the other.

- A

b

o N

/|4 G
F
Let ABC, DEF be two As such that
AB = DE,
AC = DF,

‘but the £ BAC is greater than the £ EDF.

To prove that the base BC is greater
than the baseEF.

Proof. Apply the AABC to the ADEF so that A
may fall on D and AB on DE.
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Then since ;ADE =B ~. B coincides with E.
Let DG, EG be the new position of AC, BC.

(1) 1f EG passses through F as in fig. (1). then EG is
> EF ;4.c. BCis > EF,

(2) If EG does not pass through F, as in fig. (2), sup-
;pose the £ FDG is bisected by DH which meets EG at H.

Join FH.

Then in the As FDH, GDH, we have
(i FD = GD,
(ii) DH common,

and (iii) the 2 FDH = the 2GDH : (Cons.)
the two triangles are congruent. (Th. 4)

Hence, FH = GH,
and .. EG = EH + HF.

But the two sides EH, HF of the AEHF are to-
.gether > EF ;
EG > EF,
that is, BC > EF. Q. E. D.
‘Cor. If two triangles ABC, DEF be such that ABis equal to

DE, AC is equal to DF, but the base BC is qreater than the base EF
then the angle BAC is greater than the angle EDF.

The / BAC cannot he less than the / EDF ; for then BC would
‘be less than EF, which is impossible,

Nor can the ZBAC he ¢qual to the ZEDF ; for then BC wonkl
‘be equal to’EF, which also is impoasible.

the # BAC must be -~ the ¢/ EDF.
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'EXERCISE (7).

1. Ifthe bisector of the vertical angle of a triangle is:
also perpendicular to the base, prove that the triangle is.
isosceles.

2. Prove that any point on the bisector of an angle is.
equidistant from the arms of the angle.

3. ABC is a triangle of which the side AB is greater
than the side AC ; if D is the mid-point of BC and if AD
is joined, prove that the angle ADB is an obtuse angle.

4, 1If a straight line AB is bisected at O, prove that
the perpendiculars from A and B upon any other straight
line through O are equal.

5. Prove that perpendiculars drawn from the extre-
mities of the base of an isosceles triangle upon the oppo-
site sides are equal.

6. OBand OC are perpendiculars upen two straight
lines AB and AC which meet at A; if OB=0C, prove
that AO is the bisector of the angle BAC.

7. ABC is a triangle of which the side AB is greater
than the side AC;if D is the mid-point of BC, and if any
point E be taken on AD, prove that BE is greater than CE..
8. ABCD is a quadrilateral such that the diagonal AC

bisects each of the angles BAD, BCD. Prove that AC
bisects BD ai right angles,
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Theorem 22. (Evec. 1. 33.)

Ifa quadril&tera,l be such that two of its opposite
sides are equal and parallel, then the other two sides
also are €qual and parallel.

Let ABCD be a quadrilateral such that two of its oppo-
site sides AB, DC are equal and parallel.

To prove that the other two sides AD, BC
are also equal and parallel.
Join BD.
Proof. Then, because AB and DC are parallel,
and BD meets them,
.. the £ ABD = the alt. £ BDC.
Now in the AsABD, CDB, we have
(1) AB=CD,
(2) BD common,
and (3) the ZABD = the £ CDB; (proved above.)
.. the two As are congruent. (Th. 4.y
Hence AD=CB; (i)
and the Z ADB= the £ CBD.
But these two Zsare alt. Zs;
.. AD and BC are parallel. we (i)
Thus, from (i) and (ii), AD and BC are both equal and
parallel.
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Theorem 23. (Evc. 1. 34.)

The opposite sides and angles of a parallelogram are
equal to one another, and each diagonal bisects the

parallelogram
A B
/,\
R
b ]

Let ABCD be a parallelogram, of which AC isa

diagonal.
To prove that
G AB = DC;
(ii) AD = BC;
(iii) the 2 ABC = the 4ZADC;
(iv) the /iBAD = the 4BCD;
(v) the.A ABC = the AADC in area.
Proof. Because AB, DC are parallel, and AC meets

them{
the £ BAC = the alt. ZACD.

Also, because’AD, BC are parallel, and AC meets them,
the 2 DAC = thealt. Z ACB.

Hence, in the As ABC, ADC, we have

(1) the £BAC = the £ACD, .
(2) the £BCA = the £ CAD, } (proved ol ove.)

and (3) AC common;
the two As are congruent.

(Th. 18.)
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Hence AB = DC,
*AD = BC. }
the £ ABC == the £ ADC,

and the A ABC - the A ADC in area,

Also, since the Z BAC = the £ ACD,
and the 2 DAC = the 2 ACB': }(P”"”"‘J alove.)

the whole £ BAD = the whole ZBCD. Q. E. D.
Qor. 1. A rectangle has all its angles right angles,
Let ABCD be a rectangle.

A B
Then by definition, (i)itisa
parallelogram and (ii) it has one
angle, say the / B, aright angle. b 4

Since AB and DC are |, the
/. B+lhe £C=2rt. £Zs;hence, the ZCisart. L.

Again, because ABCD is a par™., the 4B = the 4D,
and the £C = the Z A; hence the Z8 A and D also are
rt. £s.
Cor. 2. Asquare has all its sides equal and all its angles right
angles.

L¢t ABCD be a square; then by
definition, (i) it is a rectangle and (ii) A B
has two adjacent sides, say AB and BC,
equal,

Since it is a rectangle, .. «all ts
Lsare rt.Ls.

Again, since the square is also a
pa”;

. AB = DC and BC = AD.
But AB = BC, by hypothesis ;

lie 8 haalso all its sides equal.
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Cor. 8. Thediagonals of a paralleloyram biseot ono another.

A B
Let the diagonals AC, BD of 'v
the par™. ABCD intetsect at O. ﬂ

D
To prove that AO = OC,and BO = OD.

In the As AOD, COB, we have
(1) the £ AOD = the £ COB,

(2) the £LOAD = thealt. 2 OCB,
and (3) AD = BC; (opp. gides)
the two As are congruent. (Th. 18)

Hence AO = OC, and BO = OD.
QCor. 4. A rhombus has all its sides equal,
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. Theorem 24.

If there are three or more parallel straight lines, and
the'intercepts made by them on any straight line that
-cuts them are equal, then the corresponding intercepts on
uny other straight line that cuts them are also equal.

Let PS be a str. line which cuts the parallel str. lines
AB, CD, EF, GH in P, Q. R, S s0 that PQ=QR =RS.
Let PS' 1 any other str. lin - which cuts the parallels
in P. Q,R". 8.
To prove that PQ'=Q'R'=R'S".
Suppose PL. QM. and RN are drawn | to P'S'". meet-
ing CD inL EF in M and GH in N.
Proof. Since CD is | to EF, and PR meets them.
the £ PQL =the corresponding £ QRM.
Also. since PL and QM are parille!, each being i to
PR,
the /. QPL =the enrresponding Z RQM.
Then in the As PQL and QRM, we have
(1) the £PQL ="he Z QRM,
(2) the £ QPL =the ZRQM,
and (3) PQ=QR;
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Hence PL=QM,
By a similar mode of reasoning, QM =RN.

Now, the quadrilateral PLQ'P’ is a par™, since its opp.
.gides are {,

PL=P'Q". (a) (7. 23.)
Similarly, the quadl. QMR'Q’ Being a par™.,
QM =Q'R’". (1) (Th. 23)
And the quadl. RNS'R’ being a par™.
RN=R’S. () (Th. 23.)
Hence, from (a), () and (), P'Q'=Q'R'=R'S".
Q. E.D.

Cor. 1. If D be the middle point of the side AB of a triangls
ABC, then the straight line drawn through D parallel to BC will
bisect AC.

Let the str. line through D
I to BC intersect AC at E.

To prove that AE=EC.
1f through A a sir. line MN
be supposed to be drawn | to
BC, then the parallels MN, B
DE, BC are cut by the two str, lines AB, AC.

Hence, the intercepts made on AB being equal, the
corresponding intercepts on AC must be equal too.

Hence AE=EC.
Cor. 2. If D and E be the middle points of the sides AB and AC
_of atriangle ABC, then DE is parallel to BC.

For, if DE be not | to BC, let DE’ be | to it, meeting
ACin E. Then E' is the mid-point of AC, which is
impossible. Hence DE is [l to BC.
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Note. It is easy to see that BC=2DE. For,if throungh E, EF
be drawn parallel to AB to meet BC in F, then DEFB is'a par™., and
- BF=DE. Also, since the As ADE and EFCare congruent,
- DE=FC. Hence BF=FC, aud BC=2BF =2DE.

Qor. 3. Ifone side of atriangle be divided into any number
equal paits, and if through the points of division, straight lines be
drawn parallel to the base, then the points in which these parallels
meet the other side will divide that side into the same number of equal
parts,

1f the points P, Q, R divide
the side AB of a triangle
ABC into four equal parts;
and if PP, QQ’, RR’ drawn
| to BC meet ACin P, Q,R':
then AC also is divided into ./
four equal parts at these points.

Supposing MAN to be drawn | to BC, we find that

the five parallels make equal intercepts on the line AB
which cuts them.

Hence the intercepts made by them on another line
AC, which cuts them, must also be equal.

EXERCISE (8).

1. ABCD is a parallelogram; if E and F are res-
pectively the middle points of AB and CD, prove that the
quadrilateral AECF is a parallelogram.

2. Prove that a quadrilateral is a parallelogram,
(i) if its opposite sides are equal 3
or (ii) if its opposite angles are equal ;

or (iii) if its diagonals bisect one another.
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8. 1If the diagonals of a parallelogram are equal. prove
‘that it is a rectangle.

4. From any two points on a straight line perpendi-
.culars are drawn to a parallel straight line ; prove that
these perpendiculars are equal.

5. ABC and A'B'C’ are two triangles such that AB.
AC are respectively equal and parallel to A'B’, A'C". Prove
‘that BC also is equal and parallel to B'C’.

B. Prove that the diagonals of a rhombus bisect each
-other at right angles.

7. 1If in a trapezium the non-parallel sides are equal,
prove that the angles adjacent to either of the parallel
sides are equal.

8. The straight line drawn through the middle point
of a side of a triangle, parallel to the base, bisects the re-
maining tide. Prove this without applying Theorem 21.

9. If D and E are respectively the middle points of
‘the sides AB and AC of a triangl~, prove that DE is parallel
to BC, without employing the Indirect Method.

10. In example 9, prove that DE = 5BC.

11. If the middle points of adjacent sides of any qua-
drilateral are joined, prove that the figure thus formed is &
parallelogram.

12. 1If through the middle peint of a side of a triangle
-a straight line be drawn parallel to the base, prove that it
Dbisects any straight line drawn from the vertex to the base.



SECTION VI.
PROBLEMS.

In order that the constructions made may be practi-
cally as much accurate as possible, the student should
provide himself with the followi g instruments :—

(1) A Hard Pencil, well sharpened, so that the
traces made n ay be as fine as possible.

(2) A Palr of Compasses (also called Dividers).

~ [

et o — D—

(8) Pencil Compasses.
(4) Two Set-squares; one with angles of 45°
and the other with angles ot 60° ynd 30°.
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() A Graduated Flat Ruler ; shewing inches

and tenths of an inch on one side, and centilnetres and:
tenths of a centimetre on the other.

Note. In the following Problems, however, the necessary cons-
tructions can be effected without the aid of a graduated ruler ; simply
astr. ruler will do. Itisonly in special cases, where the actual mea-

surement of a line may be necessary, that a gradwated ruler will:
be required.
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, Problem 1. (Evuc.L9)
To bisect a given angle.

B [ C

Let BAC be the given angle.

It isrequired todivideit into two equal
angles.

Cons. With centre A, and any radius, describe an are
of a circle cutting AB, AC al D und E respectively.

With centre D, and radius DE, describe an arc of a
circle, on the side of DE remote from A ; also with centre
E, and radius ED, describe another arc cutting the former
at F. .

Join AF.
Then AF is the bisector of the £ BAC.
Proof. Join DF, EF.
In the As DAF. EAF, we have
(1) AD = AE, (radii of the same circle)
(2) DF =EF. (each being=DE)

and (3) AF common ;
the two As are equal in all respects.

Hence the Z DAF =the ZEAF;
that is, the £ BAC is bisected by AF. Q. E. F.

Note. The letter Q. E. F. at the end of a prohlem stand for
Quod Erat Faciendum, that is, which was to be done,
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Problem 2. (Evo. 1. 10)

<

1o bisect agiven finite straight line

C

D

Let AB be the given finite str. line.

It is required to divide it into two equal
parts.

Consg. With cenire A, and radius AB, describe two
arcs, one on each side of AB.

With centre B, and radins BA, deseribe two other arcs.
cutting the former at C and D,

Join CD, cutting AB at E.
Then E is the middle point of AB.
Proof. Join AC, BC, AD, BD.
In the As ACD, BCD. we have

(1) AC=BC. (each being = AB)

“(2) CD common,

and (3) AD=BD : (each being=AB)
<+ the two As are equal in all respects.
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Hence the £ ACD=the £ BCD,
Again, in the As ACE, BCE, we have
(1) AC=BC,
(2) CE common,
and (3) the £ ACE =the L BCE ; (proved above):
the two As are equal in all respects.

Hence AE = EB ;
i.c., AB is bisected at E. Q. E. F.
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Problem 3. (Euc. L 11-)‘

To draw a straight line perpendicular to a given
.gtraight line from a given point'in it.

Let AB be the given str. line, and C the given poiut in
it. ‘

It is required to draw from C a str. line
L to AB.

Cons. With centre C, and any convenient radius,

describe a circle cutting AB at D and E.

With centres D and E, and radius DE, describe two
.arcs cutting each other at F.
Join CF.
Then CF is perpendicular to AB.

Proof. Join FD, FE.
In the As FDC, FEC, we have
(1) FD=FE, (each heing=DE)
(2) DC=EC, (Cons.)
and (3) FC common ;
the two Os are equal in all respects.

Hence the £ FCD=the < FCE.
But' these are adjacent angles ; and therefore each of

‘them is a right angle.
CF is L to AB. Q E. F.
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Alternative Method.

Cons. Take any point D
-outside AB.

With centre D, and radius
DC, describe a circle cutting
AB at E.

B
Join ED, and produce it to
meet the circle at F. Join CF.
Then CF is L to AB.
Proof. Join DC.
Since DE  =DC, s the £DCE=the £ DEC.
Also .. DF=DC, .. the £DCF=the 2 DFC.

the whole LECF = the ZFEC + the LEFC
=the £ BCF.
And these are adjacent angles,
CF is L to AB.
Note 1. That the angle ECF is a right angle may also be
proved as follows : Since the £ ECF=the /£ FEC+the £ EFC;
each side of this equality =half the sum of the two sides=half
of two rt. / s=one rt. angle.
~ Note 2. Thix method is applicable when the point Cis near,
:or at one eud of the straight line AB. '
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Problem 4. (Eve. 1. 12.)

To draw a straight line perpendicular to a given
straight line from a given point outside it,

A
s NS W N/ s
v

G
Let AB be the given str. lin¢, and C the given pt..
outside it.

It isrequired to draw from C a straight
line L to AB.

Cons. Take any point D on the side of AB remote
from C.

With centre C, and radius CD, describe a cirele cutting
AB atE and F.

With centres E and F, and radius EF, describe two-

arcs, on the side of AB remote form C, cutting each other
at G.

Join CG cutting AB at H.
Then CH is L to AB.
Proof. Join CE. CF. GE, GF.
In the A s CEG, CFG. we have
(1) CE=CF,
(2) EG=FG, (each being=EF)
and (3) CG common;
< the two As are equal in all respects.
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Hence the ZECG = the £FCG.
Again in‘the As CEH, CFH, we have
(1) CE = CF,
(2) CH is comnmon,
and (3) the LECH = the £FCH:
s the two As are equal in all respects.
Hence the ZCHE = the £LCHF :

and these are adjacent angles. and .’. each of them is a
rt. angle.

s CHis L {o AB. Q. E. F.
Alternative Method.
Cons. Take any
point D in AB. C
Join DC and bisect
it al E.

With centre E, and
radius EC, describe a cir- B

cle cutting AB at D and F. 4 (N -
Join CF. \/
" Then CF is L to AR.
Proof. Join EF.
Rince ED = EF, .. the ZEFD = the ZEDF.
Also since EC = EF, .. the ZEFC = the ZECF.
.~ the whole ZDFC = the 2 CDF + the ZDCF
= the £ BFC.
But there are adjucent £, ard .. each of them is a
right angle.
Hence CF is L to AB. Q E.F.
Note. This mecthod is applicable when the point C is nearly
opposite to one endi of AB.  The first methed also may be applied
by produeing AB to avy required length.

i
-
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Problem 5. (Rue. L 23.)

At a given pointin a given straight line to make an
angle equal to algiven angle.

Let Albe the given pt. in the given str. line AB, and
CDE the given angle.

It is required to make at the pt. A in the
str. line AB an 2 equal to the 2 CDE.

Cons. With centre D, and any radius, describe a
circle cutting DC and DE at F and G respectively.

With centre A. and radius DG, describe an arc cutting
AB at H; with centre H, and radius GF, describe an arc
cutting the former at K.

Join AK.
Then KAH will be the reqd. angle.

Proof. Join FG, KH.
In the As KAH, FDG, we have

(1) AH = DG, (Cons
(2, AK = DF, (Cons.)
and (3) HK = GF; (Cons.)

the two As are equal in all respects.
Hence the ZKAH = the £ FDG. Q. E. F.
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Problem 6. (Evc. 1. 3].)
Through a given point to draw a straight line paralle!
to a given straight line,

B

Let C be the given point, and AB the given straight
line.

It is required to draw through’'C a
straight line parallel to AB.
Cons. Take any point D in AB, and join CD.
With centre D, and any radius, describe a circle cutting
CD at E and DB at F.
With centre C, and rading DE, describe an larc, on the
side of CD remote from B, cutting CD at G.
With centre G. and radius FE, describe an’arc cutting
the former at H.
Join CH.
Then CH is parallel to AB.
Proof. Join EF, HG.
In the As CHG, DFE, we have
(1) CH = DF, (Cons.)
(2) CG=DE, (Cons.)
and (3) GH=FE: (Cons.)
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Hence the £ GCH = the ZEDF, and these are
alternate angles ;

CHis | to AB. Q. E. F.

Alternative Method.

Let A be the given point, through which a str. line
ig to be drawn [ to the given str. line BC.

';;,}g:.:.ﬁ"
K

Cons. Place the Set-square DEF so that the edge
DE may fall along BC.

Then slip the other Sct-square GHK into the position
shewn in the diagram, so that HG may pass through A.

Now trace a line along HG.

Then GH is | to BC.

Proof. The ZDEF = the ZGHE, each of {hem
being art. 2. i

And these are alternate Zs;
HG is | to BC. QE. F.
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Problem 7. (Kuc. 1. 22)

To construct a triangle having its sides equal to three
given straight lines, any two of which are together
-greater than the third,

A

Let A, B, C bLe three given str. lines, of which A is
‘the greatest, and any two of which are together greater
than the third.

It is required t6 construct a triangle

having its sides equal to the str. lines
A, B, C.

Cons. Take any str. line DE, and from it cut off DF
equal to A
With centre D, and 1adius B, describe a circle.

With centre F, and radius C, describe another circle
-cutting the former at G.

Join GD, GF.

Then GDF is thereqd. A ;
because, by construction, DF = A,
DG=B, Q
and FG=C, )

&
3
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Note 1. If the circle described with centre D, and radius B, cuts
DF at H, asin the following diagram, then DH = B. Now since

B and C are together greater than DF, .. C G
is greater than FH. Heunce the circle described

with centre F, and radius C, must evidently

be partly inside and partly outside the former

circle ; which shews that the second circle must D

eut the first. Tf B and C were together not
_greater than A, then the two circles would not cut cach other, and
the construction would fail.

Note 2. The circles would also cut at a point on the other side

of DF. Hence, with the given parts, fwo triangles can be constructed
one ou either side of DF.
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Problem 8.

To construct a triangle having given two sides and:
the included angle,

A

Let A, B be two given str lines, and C a given angle.

It i8 required to construct a triangle-
having two of its sides equal t0 A and B,

and having the angle included between.
these two sides equal to the ~C.

Cons. Take any str. line DE.
At the point D in the str. line DE make the ZEDF

=the £ C. (Prob. 5.)
From DE cut off DG =A, and from DF cut off DH=B.
Join HG.
Then HDG is the A required ;
for DH = B, ]

DG = A, - Q. E. F.
and the Z HDG = the 2 C. }
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Problem 9. ,
To construct a triangle having given two sides and
.the angle opposite to one of them.

F,
A recmm———————
L
¢ o H K E

Let A, B be two given str. lines, and C a given angle.

1t is required to constructa A having
two of its sides equal to A and B.and hav-

ing the ¢ opposite to the latter side
=the £C. '

Ccons. Take any str. line DE.

At the pt. D in the str. line DE, make the £ EDF =
'the 2 C. (Prob. 5.)
From DF cut off DG =A.

With centre G, and radius B, describe an arc ofa ©
-cutting DE at H and K.

If H and K are on the same side of D, as in the above
.diagram, join both GH and GK.

Then evidently e«ch of the As GDH and GDK is the
A reqd. Q E.F.

Note 1. There are two solutions to the problem, as above, only
when B is less than A but greater than the perpendicular from G on
DE. This is known as the Ambiguous Case.

Note 2. When B is less than the perpendicular from G on DE,
the construction fails ;-or, in other words, the problem does not
~admit of a solution,

Note 3. If thegivenangle be a right angle, the problem amounts

to constructing a right-angled triangle, of which the hypotenuse and
«wne side are given.
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Problem 10.

J'o construct a triangle having given two angles and
.the side adjacent to them.

G

o

D F_E

Let A and B be two given Z g, and C a given str. line.
It isreqd. to construct a A having two
of its zsequal to the ~s A and B, and the
,glde adjacent to these angles=the str. line

Cons. Take any str. line DE. and from it cut off DF
=C.
At the pt. D in the str. line DF, make the Z FDG =

the LA, (Prob. 5.)
At the pt. F in the str. line FD, make the ZDFH=
the £ B. (Probd. 5,)
Let FH cut DG at K.
Then evidently, KDF is the A reqd. Q. E.F.

Note. Ifthec £ZDKF were given instead of the / DFK, the
~ DFK might be found as follows :—Take any str.line PQ;at the pt.
P in the str. line PQ, make the ZQPR =the s
LA ; at the pt. P in the str. line PR, make R
the ZRPS=the DKF ; produce QP to any \ /
pt. T ; then the £SPT = the ZDFK, for
eich of them is supplementary to the sum X\/\

«of the /s A and DKF. T P Q
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Problem 11.

To divide a given:straight line into any number of
equal parts,

P g R § B
Let AB be the given str. line. and suppose that it is:
required to divide it into five equal parts.

Cons. From A draw a str. line AC. of unlimited
length, making any angle with AB.

From AC cut off successively five equal parts of any
length, AP, PQ, QR. RS, ST.

Join TB; and through P, Q, R.S draw PP, QQ".
RR’, 88’ cach |l to TB, meeting AB in P". Q", R". S’ res-
pectively.

Then AB is divided into five equal parts at the points
P, Q,R'S.

Proof. Since the side AT of the AATB has been
divided into five equal parts at the points P, Q, R, S, and'
through the points of division PP’, QQ’, RR’, SS' have
been drawn [l to the base TB;

the points P, @', R', 8" also divide the other side
AB into five equal parts. (Th. 24, Cor. 3.)

Q. E. F.
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EXERCISE (9).

1. Take :1 gtraight Nne omne inch in length, and con-
struct an equilateral triangle on each side of it. Prove that
the quadrilateral thus fromed is a »Zombus.

2. ABC is a right angle. Through B draw a straight
line BD within the angle so that the angle ABD may be
equal to one-third of the angle ABC.

3. Trisect a right angle.

4, Take a straight line one and a half inches long, and
on it construct an isosceles triangle having each of the two
sides 2} inches in length.

5. AB is a given straight line. Shew how to draw a
straight line AC so that the angle BAC may be equal to 30°.

8. On o given straight line as hypotenuse, construct a
right-angled triangle of which the acute angles are 30°
and 60°,

7. Construct a right-angled triangle having given the
hypotenuse and one side.

8. Construct an isosceles triangle having given the
vertical angle and the length of the perpendicular from the
vertex to the base.

9. TFrom a given point outside a given straight line,
draw a line making an angle with the given line equal to a
given angle.

10. Construct atriangle of which the base angles shall
‘be equal to two given angles, and the perpendicular from
the vertex to the base equal to a given straight line.

11. C€onstruct a triangle of which the two sides and
the perpendicular from the vertex to the base are given.
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12. Construct an equilateral triangle having given the
perpendicular from the vertex ta the basa. *

13. Construct u triangle having given the base, one of
the angles at the base, and the sum of the sides.

14. Two sides of atriangle arerespectively 3 inches
and 2 inches in length, and the angle opposite to the lutter
side is equal to 307 ; construct the triangle.

Also construct the triangle when the length of the
latter side is 34 inches.

Shew that in the former case there are two solutions.
whilst in the latter there is only one.

15. If the side BA of a triangle ABC be produced to.
D so that AD=AC, and if DC Le joined, prove that the
angle BDC is half of the angle BAC. Hence shew how
to construct a triangle having given the base, the vertical
angle, and the sum of the sides.

16. ABC is a triangle. If D be taken on CB produced
such that BD=AB, and if E be taken on BC produced
such that CE =AC, and if AD and AE be joined; prove
that the angle ADE is half of the angle ABC, and the
angle AED iy half of the angle ABC. Hence shew how
to construct a triangle having given the perimeler and the
base angles. (The sum of the three sides of a triangle is
called its perimeter.)

17. Take u siraight line 4 inches long, and divide it
into seven equal parts.



SECTION VII.
Locl.

When a point moves and its motion is restricted by
some given condition, the path traced out by the point is
called i's locus.

For instance, when a point moves so that its distance
{rom a fixed point is always the same. its locus is evidently
the circumierence of a circle of which the fixed point is.
the centre and the given distance, the radius.

Note. When any uumber of points, cach of which satisfies a,
given condition, lie on a particular line, that line is also called the
locus of those points.  From this point of view. the locus of points,
ciach of which liexat a given distance from a given point, is the
circumference of the  circle which is described with the given
point as centre and the given distinmee as radius,

Theorem 25.

The locus of a point which is equidistant from twe
fixed points is the perp2ndicular bisector of the straight
line joining the two fixed points.

D
P

Q

Let A and B be two fixedipoints, let C be the mid-
point of the str. line AB.
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Let DE be the unlimited str. ‘lino which passes through
C and is perpendicular to AB.

To prove that if a point moves so that
its distances from the points A and B are
always equal, the only path along which
it can move is the str. line DE.

Proof. (i) Take any pt. P on the str. line DE.
Join PA, PB.
In the As PCA, PCB, we have
(1) AC=CB,
(2) PC common,
and (3) the ZPCA=the LPCB;
the two As are equal in all respects.
Hence PA=PB.
Thus, every point on the str. line DE is equidistant
from A and B (o)
(ii) Again, it may be proved that no pt. outside the
-str. line DE is equidistant from A and B. ‘
For, if possible, let the pt. Q, which is #0/ on DE, be
-.equidistant from A and B.
Join QA, QB, QC.
Then in the As QCA, QCB, we have
1 QA=QB,
(2) CA=CB,
and (3) QC common;
<« these two As are equal in all respects.

Hence the Z QCA=the L QCB ;
and .. QC is L to AB, which is impossible.
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Thus #o point outside DE can be equidistant from A
and B . (B)

From (¢) and (8) we see that every pt. on the str. line
DE, and no other pt., is equidistant from A and B.

Hence, the only path that the moving point can des-
cribe is the unlimited str. line DE. Q. E. D.

Cor. The point of intersection of the perpendicular bisectors of the
straigot lines AB and AC is equidistant from the points A, B, C.

A

Lef PO and QO. which
meet at O, be the -L bisectors
of AB and AC respectively.

Now, O being a pt. on PO, OA OB.
Algo, O being a pt. on QO, OA = OC. }
Hence OA, OB, OC are equal to one another.

Note The perpendicular bisector of the straight line AB may

also be said to be the locus of points which are cquidistant from A
and B.



98 MODERN GEOMETRY. [BOOK

Theorem 26.

The locus of a point which is equidistant from two-
intersecting straight lines consists of the pair of straight
lines which bisect the angles between the two given lines.

Let AB, CD be two given str. lines which intersect at E.
Let FG be the bisector of the £ s AEC and BED ; and
let HK be the bisector of'the £ s AED and BEC.

To prove that a point which moves so
that its distances from the str. lines AR
and CD are always equal, ,must move
along one or other of the two lines FG
and HK.

Proof. (i) Take «ny pt. P on the line FG.
From P draw FM and PN L to AB and CD respect-
ively.
In the As PEM, PEN, we have
(1) the £LPEM = the £ PEN,
(2) the £PME = the £LPNE, (Rt <s.)
and (3) the side EP common ;
the two As are equal in all respects.
Hence PM = PN.
Thus, every pt. on the line FG is equidistant from the
lines AB and CD ;
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and similarly cvery pi. on the line HK is equidistant
from AB and*CD ; ()

(ii) Again, it may be proved that no pt. which lies
ouiside FG and HK, is equidistant from AB and CD.

For, if possible, let the pt. Q, which is not on FG or
HK, be equidistant from AB and CD.

From Q draw QR. QS L to AB and CD ; and join QE.

Then, by hypothesis, QR = @QS.

Now, in the right-ungled As QRE, QSE, we have

(1) the hypotenuse QE common,

and (2 QR =QS§;

Jo the two As are equal in all respects. (Th. 19.)

Hence, the Z QER = the £ QES;

ie., QE is the Dbisector of the £ AEC, which is

impossible.

Thus, no pt. which lies outside the lines FG and HK,
can le equidistant from AB and CD e (B
From («) and (8) we gsee that cves ¥ pt. on the lines FG
and HK, and noother pl., is cquidisiant from AB and CD.

Hence the lines FG and HK form the locus of a point

which moves under the proposed condition.
Q. E. D.

Cor The puint of intersection of the bisectors of the angles A
and B of a triangle ABC is equidistant from the sides of the triangle.

Let AQO and BO.
which meet at O, bethe
bisectors of the Zs A
and B.

From O draw OP
0Q, OR Lgto BC, CA,
AB respectively.




100 MODERN GEOMETRY. [BOOK

Since O is on the bisector of the £ A, .. OR = OQ.}
Also, since O is on the bisoctor of the 2 B, ¢+ OR = OP-
Hence, OP, OQ, OR are equal to one another ;

%.¢,, the pt. O is equidistant from the sides BC, CA, AB.
Note. The lines FG and HK may also be said to be the locus of
points which are equidistant from AB and CD.

EXERCISE 10).

1. Prove that'the locus of a point which moves in
such a manner that its distance from a given straight line
is always the same, consists of two siraight lines parallel
to the given line, one on either side of it.

2. What is the locus of points which are equidistant
from two given points ? Find a point in a given straight
line so that its distances from two given points outside the
line may be equal.

3. What is the locus of points which are equally dis-
tant from two intersecting straight lines ? Find a point in
a given straight line so that it may be equally distant from
two intersecting straight lines.

4. Find a point which is equally listant from two
fixed points and is also at a given distance from a third
fixed point. When is this problem impossible ?

5. Find a point which is at a distance of 2 inches
from one fixed point and 3 inches from another. When is
this problem impossible ?

6. AB and AC are two fixed and unlimited straight
lines. Find a point which is at a distance of 2 inches
from AB and 3 inches from AC.

7. Find a point in a given straight line at a given dis-
tance from another given straight line.




SECTION VIIIL

MISCELLANEOUS PROPOSITIONS.

- 1. The bisectors of the angles of a triangle meet at
a point.

Let ABC be a A. and let the bisectors of the Zs B
and C meet at O.
Join AO.

To prove thit AO is the bisector of
the £ A.

From O draw OD. OE, OF L to BC, CA, AB res-
pectively.
Proof. Because BD bisects the Z ABC,
any pt. in BO is equidistant from BC and BA.
(Th. 26.)
OD=O0F.
For a similar reason, any pt. in CO is equidistant from
CB and CA ;
OD = OE.
Hence OF = OE.
O is on the bisector of the Z BAC ; (Th. 26.)
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i.c., AO is on the bisector of the /. BAC .

Thus, the bisectors of the Zs A, B, C mveet_ at a pt.
Q. E. D.

Note. When three or more-straight lines meet at a point, they
arelsaid to be Concurrent. So the above proposition might be stated
as-follows :—The bisectors of the angles of a triangle are concurrent.

2. The perpendiculars drawn to the sides of a
triangle from their middle points are concurrent,

Let ABC bea A, and D, E, F be the mid-points of
B8C, CA, AB respectively.
From F and E draw Lsto AB, AC meeting at O.
Join OD.
To prove that ODis L to BC.
Join OA, OB, OC.
Proof. Because O is on the perpendicular bisctor
of AB,

OA = OB. (Th. 25.)
For a similar reason,

OA = OC.
Hence OB = OC;
and .. Ois on the L bisector of BC. (Th, 25.)

Hence ODis 1L to BC. Q. E. D.
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8. The perpendiculars drawn from the vertices of a
triangle to the vpposite sides are concurrent,

b

Let ABC be a A, and let AP. BQ. CR, when produced,
be -L to BC, CA, AB respectively.

To prove that AP. BQ. CR (when produced)
are concurrent.

Through A, B and C, draw str. lines | to BC, CA
and AB respectively, thus forming the A DEF.

Proof. Since FE is{ to BC. and FD is || to AC,
AFBC is a par™.
FA=BC.

Similarly, AE = BC.

Hence, FA=AE; and .- A isthe mid-point of EF.

Similarly, B is the mid-pt. of FD, and C is the mid-pt.
-ef DE.,
Now, since BC isll to FE, and AP produced is L to
BC,
<. APisalso 4+ to FE.
Similarly, BQ is L to FD and CR is L to DE.
Thus, AP, BQ and CR are -Lstothe wides of the A
EFD at their middle points ; and .. they are concurrent.
(Last Prop.)
Q. E. D.
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4. The medians of a triangle are concurrent; the
common point dividing each median into two parts, of
which the part nearer the vertex is double the o_ther.

Let E, F be the mid-pts. of tne sides CA and AB of
the A AS8C, and let the medians BE, CF intersect at G.

Join AG, and produce it to meet 8C at D.

To prove that D is the mid-pt. of BC.

Through B draw BH [ to FC, and produce AD to meet

BH at H.
Join CH.

Proof. (1. Inthe A ABH, F is the mid-pt. of AB,
and FGis | to BH;
G i¢ the mid-pt. of AH. (Th. 24, Cor. 1.)
Again, in the A AHC, G and E are the mid-pts. of the
sides AE and AC;
GE is | to HC. (Th. 24, Cor. 2.)
_ Thus the opp. sides of the quadl. BGCH are [, and .-
is a par .
But the diagonals of a par™ bisect one another ;
<. D is the mid-pt. of BC.

Thus the three medians AD, BE, CF meet at the:
point G. . Q. E. D.
(2) Since D is the mid-pt: of GH,
GH =2GD.
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But AG = GH, .. AG = 2GD.
Also, B& = HC = 2GE; v -
and, CG = HB = 2GF; } (Th. 24, Cor. 2, Note.)

Q. E. D.

Note.. The point of intersection of the medians of = triangle
is called the Centroid of the triangle. Thus, in the above figure,
the point G is the Centroid of the AABC.

5. AP.Q, isatriangle; from AP, produced, P,P,,
P.P:;, P,Py are cut off each equal to AP,; P,Q.,
P3Qs, P.Q, are drawn | to P,Q,, meeting AQ., produced
in Q.,Qs, Q;s- Prove that P.Q. = 2P,Q,, P;Qs=
3P1Q1, P4Q4, = 4PxQ1-

Draw Q.B, Q.C, QD each [ to AP,, meeting P,Q,,
P3Q., P.Q, in B, C, D respective'y.

Proof. AQ.. Q.Q., Q:Qs. QsQ, are equal to one

another. (Th. 24, Cor. 3.)
Now, since the As AP, Q:, QBQ. are congruent.
P.Q, =BQ. (a)

Similarly, BQ, = CQgs, and CQs = DQ,
Thus, P,Q,, BQ.:, CQs, DQs are eyual to one another.
Again, since the quadl. P, P.BQ, is a par™.,

P Q,=P, B T e . (ﬁ)
Slmllarly, P.Q., = P;Cand P;sQ; = P D.
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(1) From («) and (8), P.Q: = 2P,Qa. .

(2) PsQ; = P;C+CQs = P;Q:+P,Q, = 3P,Qu.

3) P,Qs =P,D+DQ. = P,Q3+P,Q, = 4P, Q..
Q. E. D.

Note. Hencee, if DE be drawn parallel to the base BC of a triangle
ABC, meeting AB, AC in D and E. the following conclusions are
obvious :(— (1) if AB = 2AD, then BC = 2DE ;

@) it AB = 3AD. then BC = 3DE;
(3) if AB = 4AD.then BC=4DE; and so on.

6. Cis a pointin afinite straight line AB ; DE is
an unlimited straight line such that the points A and B
-are on one side of it; AP, BQ, CR are perpendiculars
to DE. Prove that (1) if C is the middle point of
AB. then 2CR = AP + BQ; (2) if BC = 2AC, then
3CR = 2AP+ BQ.

(1) Let C be the middle point of AB.

B A " 4
8
P R Q@

Through A draw AK | to DE. mecting RC, QB, or
those lines produced, in H and K.
The quadls. APRH and HRQK arc par™. ;
. AP = HR =KQ.

Again, since AB = 2AC. and ( H is | to BK,

BK =2CH. (Last +rop., Note,)
Hence, in fig. (1),

2CR = 2HR +2CH

= AP+KQ+BK = AP+BQ.

and in fig, (2),
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9CR = 2HR - 2CH
, * © = AP + KQ - BK = AP + BQ.
(2) Let BC he = 2AC.

A H K
M
B8
D R E
(0] (2)

Throngh A draw AK | to DE, meeting RC, QB, or
those lines produced, in H and K.

The quadis. APRH and HRQK are par™;
AP = HR =KQ.

Again. since AB =3AC, and CH is{ to BK,

. BK = 3CH. (Lust Prop., Nole.)
Hence in fig. (1),
3CR = 3HR +3CH

]

2AP +KQ +BK = 2AP +BQ.
And in fig. (2),
3CR

n

3HR - 3CH
2AP +KQ-BK = 2AP +BQ.
Q. E. D.
Note. Hence.if G be the centroid of a triangle ABC, and if AP,
‘BQ, CR, GT be perpendiculars to an unlimited straight line, DE,

which is such that the points A, B, C are all on one side of it then
SGT = AP+BQ+CR.

I
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(o
For, let H be the mid-pt. of BC. and draw HK _|_ to DE ; then

G is on AH, so that AG = 2GH. Hence 3GT = AP+2HK=AP+
BQ+CR.

7. If D be the middle point of the hypotenuse BC of
a right-angled triangle ABC, prove that DA = }BC.

PN

Through D draw DE L to AB ; then, since DE and

m

CA are both L to AB, .. DE is | to CA.
Hence, since D is the mid-pt. of BC, E also isthe
mid-pt. of BA ; (Th. 24, Cor. 1.)

ED is the .L bisector of BA.

Hence, DB = DA.
But DB = 3BC; .. DA =%BC, Q. E. D.
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8. Aand Baretwo points on the same side of an
unlimited steaight line CD. P is a point in CD such
that the angles APC and BPND are equal. Prove that,
of all points on the straight line CD, P is that the sum
of whose distances from A and B is the least.

B

Let Q be any other pt. in CD.
Join AQ, BQ.

To prove that AQ+QB > AP +PB.

Produce BP to F, making PF = PA;2join AF, cut-
‘ting CD in E.

Join FQ.
Proof. Inthe As APE, FPE, we have
(1) AP = PF,

(2) PE common,
and (3) the ZAPE = the £ EPF
(. each of them = the £ BPD),
the two As are congruent.
Hence AE = EF, and EP is L to AF.
Thus, CD is the L bisector of the str. line AF.

Hence, QA = QF ;

and . AQ+QB = FQ+QB.

Also AP +PB = FB. (Cons.)
Rut FQ+QB is > FB,

< AQ+QB is > AP+PB. Q. E. D
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Note. It is easy to see that there is only one point in CD such
that the str. lines drawn from it to A and B arc eqyallJ inclined to
CD.

EXERCISE ('\ll’.
1. ABC is a triangle of which the side AC is greater:
than the side AB. AD is drawn bisecting the angle BAC,
and meeting BC in D. Prove that CD is greater than BD.

2. If D be the middle point of the base BC of a
triangle ABC, and if AD be joined, prove that AB+ AC
>2AD. '

3. Through a given point draw a straight line such.
that the perpendiculars on it from two fixed points may be
on opposite side of it and equal to each other.

4. ABCD is a parallelogram ; E and F are the mid-
points of AB and CD respectively. 1f DE, BF intersect
the diagonal AC at G and H. prove that AG = GH=HC.

5. Prove that the medians of a triangle meet at a point
which is a point of trisection on each of them. Hence-
find a method of trisecting a given straight linc.

6. €onstruct a triangle having given the base, the
perpendicular from the vertex to the Dbase, and the line
joining the vertex to the mid-point of the base.

7. ABC is a triangle. If AB, AC be produced to D-
and E respectively, prove that the bisectors of the angles
DBC, ECB meet ‘at a point which lies on the bigector of
the angle BAC.

8. Through a given point draw a straight line making
with a fixed straight line an angle equal to a given
angle. Hence show how to construct a triangle of which.
the base angles and the perpendmular from the vertex to the
bage are, given.
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*

9. Construct a right-angled triangle having given the
hypotenuse and the sum of the sides.

10. Prove that the locus of the vertices of all right-
angled triangles which have a common hypotenuse is a
circle.

11. Construet an isosceles triangle having given the
base, and the sum of one of the equal sides and the perpen-
dicular from the vertex to the base.

12. AB, AC ar¢ two given straight lines ; through a
given pt. D between theni, draw a straight line meeting.
AB, AC in G and H, so that GH may be bisected at D.

13. OA, OB, OC are three given siraight lines, of.
which OB lies between OA and OC. Draw a straight.
line terminated by OA and OC, and bisected by OB.

14. ABCD is a parallelograin, and MN is an unlimited.
straight line outside it. 1f AP, BQ, CR, DS be perpen-
diculars to MN. prove that AP +CR = BQ+ DS.

15. 1If C is the middle point of a straight line AB, and
D is any point in CB, prove that AD-DB =2CD.

Hence prove that if C is the mid-point of a given
straight line AB, where the points A and B are on opposite-
sides of an unlimited straight line DE, and if AP, BQ,
CR be perpendiculars to DE, and AP > BQ, then
AP -BQ=2CR.

16. Construct a triangle, having given the bage, an
angle at the base, and the difference of the sides.
17. BC is the base of an isosceles triangle ABC,

EAD is drawn parallel to BC, and any point P is taken
on AD. Prove that BP+PC > BA+ AC.



112 - MODERN GEOMETRY, [BOOK

Prove also that if Q be any point above the line DE,
BQ+QC > BA+AC.

Hence prove that if R be any point above BC such that
BR+RC=BA+AC, then R must be below DE,

18. Construct a triangle, having given the middle
points of the sides.

19. Of all triangles which stand on the same base and
which have their vertices in a straight line parallel to the
‘base, prove that the triangle which is isosceles has the
least perimeter.

20. Prove that any side of a triangle is greater than
the difference of the other two sides. Hence prove that if
P is a point in an unlimited straight line MN, such that
PA and PB are equally inclined to it, where A and B are
two fixed points on opposite sides of MN, then of all
points in the given straight line, P is that the difference of
whose distances from A and B is the greatest.



BOOK II

Areas.

SECTION 1.

FUNDAMENTAL IDEAS AND DEFINITIONS.

1. If two straight lines A and B be such that B can be
divided into a number of parts each of which is equal to
A then the line A is said to be a measure of the line B.

8 .
* Note 1. When B ixdivisible into parts cach of which isequal 1o
A it may be said that B eontains A an exact number of times. Mence.

we may say that one straight line is @ measure of anotler when the
latter eontains the former an exact number of times.

2. I two or more straight lines, B, C, D be such that
each of them contains a given straight line A an

-exact number of times, then Ais said to be a common
measure of B, C, D.

OO wWy

Note 2. In the above diagram A is contained twice in B, three
iimes in C, and five times in D d.e., anexaet number of times in
each. Hence A is a sommon measure of B, C, D.

8. Sizes, or lengths of different straight lines are ascer-

tained by finding how often each of them containg any

smaller straight line arbitrarily chosen.
Note 3. 7o measure a straight line is to ascertain its length in
the manner above indicated.

8
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4. Any convenient straight line that is arbitrarily
chosen for the purpose of measuring other straight lines,
is called the unit of length. .

Note 1. The number of times that any given straight line contains
the unit of length is called the numerical measure of the straight
line. and the given line is said to be represented by that number.

Note 2. When we say tlmt,on'e inch is the unit of length, we mean
thut a straight line whose length is one tmeh has been taken as the

unit.

5. The amount of surface enclosed by the bounding.
lines of a figure is called its area. .

6. The unit of area is the area of a square of
which a side is equal to the unit of length.

Note 1. Let ABCD be a rectangle of which the side BC= the-
unit of length, and the side AB = three times the unit. Then the

area of the rectangle is equal .
to three units of avea. For, if 8 - . A.
AB be  divided into three
equal parts at E and F, and if
through the points of division,
EG and FH be drawn || to
BC, then evidently each of € H G D
the figures BH, FG and ED
ix o square of which a side = the unit of lengtl,

Note 2. /f PQRS be a rectangle of which the side PQ = 4 units.
of length, and the side QR =3
Units of length, then the area of @ P
the rectangle is equal to 12 iie. ﬁl?
3X4) uaits of area, '

For, if PQ be divided into 4
equd parts, and QR into 3 equal
parts, and if through the pts. of
division in either side, lines b
drawn parallel to the other ; then R S.
the whole rectangle is divided
into 3 rows of squares, a side of each square being equal to the unit
of length. There are 4isquares in each row ; the total number of”
squares =3 times 4=12, and hence the area of the rectangle =12 units:

of area.
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Note 3. Hence, generally speaking, if the adjacent sides of a rect-
angle be equal to a and b units of length respectively (a und b being
integers), then thc area of the rectangle = ab units of area; and if
2 side of a square be equal to a units of length, the area of the
square = a? units of area.

Note 4. Of two adjacent sides of a rectangle, the length of the
greater side is called the length of the restangle, and the length of
the smaller side is called its breadth.

7. A Square inch is the area of a square of
which a side is one inch in length.

Note 1. There isac lo:u distinction hetween “two square inches”
and “two inches square.” The former means an area twice as large
as the area of a square of which a side is one inch, whilst the latter
means a square of which a side is two inches in length Tu fact. the
area of a “two inches square” 18 four square inches, as can be easily
seen by a diagram.

Note 2. /f ABCD be a reotangle of which the sides AB, BC are
respectively 43 inches and 3% inches in langth, then its area is equal to
(4% x?}) square inches .

For, taking % of an inch ax the unit of length. AB and BC wre
found to contain 70 and 4% units respectively ; and .. the required

area= 70X 48 units of area. But as 15 units of length =one inch, one
s, inch = 15X 15 units of area. Hence, the number of sq. inches in the

70X 48

Bxin = WX 15 =42x 3L, which proves the

area of the rectangle =

proposition,

8. The perpendicular drawn from the vertex of a
triangle to the base. or the base produced, is called the
altitude, or height, of the triangle.

Note 1. Triangles wrelsaid to be between the same parallels
when their bases lie in one straight line and the vertices in another
which is parallel to the former.

Note 2. 1t may be easily shewn that if two trianglesare on the
ame base and between the same parallels, their altitudes are equal.

Note 3. Triangles having equal altitudes are said to have the
same altitude.

9. The perpendicular drawn to the base of 4 parallelo-
gram {rom «ny point in the opposite side is called the
altitude, or height, of the parallelogram.
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Note 1. Parallelograms are said to be befween the same parallels
when their bases lie in one straight line, and the sides opposite to the
bases in another which is parallel to the former. .

Note 2. Tt may be easily shewn that if two parallelograms are
on tlflle same base and betwecn the same parallels their altitudes are
equa :

Nate 3. Parallelograms having equal altitudes are said to have
the same altitude.

10. A rectangle of which two adjacent sides are AB
and BC, is said to be the rectangle contained
by AB and BC.

Note 1. A rectangle of which two adjacent sides are equal to
two given straight lines P and Q, is also said to be the rectangle
contained by P and Q.

Note 2. “The rectangle contained by AB and BC” is briefly
written as * the rect. AB, BC ;" or more briefly, as “AB, BC".

11. A straight line AB is said to be divided inter-
nally or externally, atany point D, according as
the point D is taken on AB, or on AB produced. In either
case, AD and DB are called the segmenis of the line AB.

A D B A B D

Note. In the case of external division, AD and DB are regarded
as the segments of the line AB only in the sense that they are the
distances of D tfrom A and B respectively. In the case of internal
division, AD and DB are not only the distances of D from A and B
but they also together make up AB.

12. If from the ex-
tremities of a straight line B
AB, perpendiculars AP A
and BQ be drawn to an
unlimited straight line
DE, then PQ is said to © P e
be the Projection of
AB on DE.
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8
Note. If "A is on the straight
line DE, then AQ bhecomes the
projection. )
U —E

EXERCISE (12).

1. Shew that if one side of a rectangle be a measure
of another, the figure can be divided into a nnmber of
equal gquares.

2. Shew that if two adjacent sides of a rectangle have
a4 common measure, the figure can be divided into a num-
ber of equal syuares, each square having its sides equal to
the common measure.

3. 1f the unit of length be 3 inches, shew that the
unit of area is divisgible into 9 one-inch squarcs.

4. If the length and breadth of a rectangle are 12 and
& inches respectively, shew that the figure can be divided
into 6 {four-inch squares.

5. If two adjacent sides of a rectangle are 25 and 33
inches respectively, prove that its area = (2% x 34) square
inches.

6. If two adjacent sides of a rectangle are 34 and
57 inches respectively, prove that its area = (3'4x5'7)
square inches.

(. If two adjacent sides of a rectangle are 16 and 12
inches respectively, what is the smallest number of
squares into which the figure can be divided ?

8. 1f the unit of length is doubled, the unit of area is
quadrupled ; if the unit of length is trebled, the unit of
area is increased nine times. Illustrate this statement.



SECTION II.

THEOREMS,

Theorem 1. (Evc. I. 35.)

Parallelograms on the same base and between the
same parallels are equal in area.

A D E F

B c

Let the par™. ABCD and EBCF be on the same base
BC and between the same parallels AF, BC.
To prove that the par™. ABCD and EBCF
arelequal in area.
Proof. Since DCis | to AB,
the £ZFDC = the int. opp. L EAB.
Again, since  EBis [ to FC,
. the ZDFC = the ext. £ AEB.
Thus, in the two As FDC, EAB, we have
(1) the LFDC = the ZEAB,
(2) the £DFC = the £ AEB,
and (3) DC = AB; - (opp. sides of a par™.)
the two A s are equal in all respects.
(Th. 18, Bk. 1.
Hence, the whole quadl. ABCF minus the AFDC
= the whole quadl. ABCF minus the AEAB.
(4r. 3.)

the par™. ABCD = the par". EBCF.
Q E. D.
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Cor. The area ofa prallelogram is equal to that of a rectangle
sontained by the-base and altitude of the parallelogram.

Jl.et ABCD be a par. on the
‘base BC. Draw CE L to AD;

then EC is the altitude of the F 2 E p
par”™.

Draw BF |l to CE, meeting DA
‘produced in F. Then FBCE is a .

rectangle, and it is contained by BC
and CE.,

Now, since FC and AC are par™. on the same base and
‘between the same parallels, .. they are equal in area
which proves the proposition.

Note. Hence parallelograms on equal bases and of equal
-altitudes - are equal in area.

A DF H
Let ABCD, FEGH be
two par™. on equal bases BC
and EG, and having equal
‘altitudes AP and HQ.
p ¢ E Q G

Now, the par™. ABCD = the rect. BC. AP }
and the par". FEGH = the rect. EF, HQ.

But BC.AP = EG.HQ ;
the par™. ABCD = the par™. FEGH.



120 MODERN GEOMETRY. [BOOK.

Theorem 2. (Euc. I. 37,)
Triangles on the same base and between the same
parallels are equal in area.

A_D F

Let the As ABC, DBC be on
the same base BC and between
the same [s AD, BC.

B c
To prove that the A s ABC, DBC are equal
in area.

Draw BE || to CA, meeting DA produced in E ; and
draw CF | to BD, meeting AD produced in F.

Proof. EBCA and DBCF are par™. ; and they are
on the same base BC, and between the same s EF, BC.
s the par™ EBCA = the par™ DBCF.
But, the A ABC = half the par™. EBCA; } (Th. 25,

and the A DBC = half the par". DBCF. Bi. 1)

the A ABC = the A DBC. Az 7)

Q. E. D.

Cor. Triangles cn the same base A D
and of the same altitude are equal in

area.
Let ABC and DBC be two
Ason the same base BC and
having equal altitudes AE, DF. B c F

Now AE isl to DF, and also equal toit: .. AD is
| to EF, 4.e., to BC. (Th. 22, Bk. 1.)
Hence the As ABC and DBC are in the same bage:
BC and between the same ||s ;
. the A ABC = the A DBC,
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Note 1. Tsiangles on equal A D
bases and of the same altitude
are equal in area.

Let ABC and DEF be
two As on equal bases BC
and EF, and having equal B P CE F Q
altitudes AP, DQ.

Suppose the A DEF taken up and so placed that EF may coiu- "
cide with BC, and D may fall on the same side of BC as A. Then
the two As will be on the same base and of the same altitude, and’
hence.they are equal in area.

Note 2. Hence triangles on equal bases and between the same
parallels are’equal in arca.  For, triangles between the same paral-
lels are of the same altitude.

Note 3. Any median of a triangle divides the triangle into two
equal parts, For, the triangles on the two sides of the median are
on equal bases and have a common altitude,
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Theorem 3. (Euc. L. 41),

If atriangle and a parallelogram be on the same base
-and between the same parallels, then the area of the
angle is equal to half that of the parallelogram.

E D A

B %

Let the AABC and the par”. BCDE be on the same
‘bage BC, and between the same |s EA. BC.

To prove that the AABC is half of the
pal® BCDE.

Proof. Join BD.

The digonal BD bisects the par™ EC ;

the ADBC is half of the par™. BCDE.

But the ADBC = the AABC ; because they are on

the same base BC. and between the same s BC, DA ;
the AABC is haif of the par™. BCDE.

Q. E. D.
~Cor. The areaof a triangle is equal to half thatof a rectangle
contained by the base and altitude of the triangle.

Let ABC hea A of which BC e
is the base and AP, the altitude.
Draw AE [l to PB; also draw
CD and BE each | to PA, meeting
AE in D and E respectively. B c P
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Then the p.'.u"“. EC and the A ABC are on the same
‘base and between the same [s, -~ the AABC = § of the
par™. EC.

But, since CD is I to PA, the par™. EC is evidently a
rectangle ; and it is contained by BC and CD, t.e., by BC
.and PA.

Hence the A ABC = } the rect. contained by BC and
AP.

Note. Hence if the hase and altitude of @ triangle are respect-
ively equal {0 b and /i units of length. then the area of the A = {bk
nuits of area.
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Theorem 4.

Equal triangles on the same base arc; of the same:
altitude, '

A D

e

B P C c]

Let the As ABC and DBC, standing on the same base
BC, be equal in area.

Let AP and DQ be the altitudes of the As ABC and.
DBC. .

To prove that AP = DQ.

Proof. The AABC = } the rect. BC, AP ;} (Th. 3,
and the ADBC = } the rect. BC, DQ.} OCor.)
the rect. BC, AP = (he rect. BC, DQ.

AP = DQ. Q. E. D.

Note. It may be similarly proved that equal triangles on equal

bases are of the same altitude,

Cor. Egual triangles on the same base (or ¢n equal bases in the same
straight line) and on the same side of it ae between the same
parallels,

For in the above diagram, AP being equal and I to DQ,
AD is li to PQ, ‘.e., to BC. '

EXERCISE (13).

1. Prove that the four trianglesinto which a paral-
lelogram is divided by its diagonals are equal in area.

2. Prove that equal triangles on opposite sides of the-
same base have the same altitude. Hence prove that if’
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two equal triangles ABC, DBC be on opposite sides of
the same base BC, AD is bisected by BC or BC produced.

3. BC and AD are the parallel sides of a trapezium
and E is the mid-point of CD. Prove that the AAEB is
half of the whole figure.

4. If two triangles have two sides of the one equal to-
two sides of the other, and the contained angles supples
mentary ; shew that the two triangles can be so placed at
to form two parts of the same triangle, and hence tha
they are equal in area.

5. 1If two sides of a triangle are given, prove that the
area is greatest when the included angle is aright angle.

6. Prove that if a quadrilateral be bisected by each of
its diagonals, it must be a. parallelogram.

7. Prove that in any quadrilateral the straight lines
joining the middle points of opposite sides bisect each other.

8. If E, F be the mid-points of the sides AC, AB of
a triangle ABC, prove that the triangle AEF is one-fourth
of the whole triangle ABC.

9. D, E are the mid-points of the sides AB, AC of a
triangle ABC ; and P is any point in BC produced. Prove
that the triangle PDE is one-fourth of the triangle ABC.

10. Tind the area of a triangle whose base and altitude
are 3’5 and 2'8 inches respectively.

11. TFind the altitude of a triangle whose area is 3'75
8q. inches and the base, 3 inches.

12. Find the base of a triangle whose area is 19°25 sq,
inches and the altitude, 7 inches.

13. 1If two parallelograms have two adjacent sides of
‘the one respectively equal to two adjacent sides of the
other, and the included angles supplementary, prove that
the parallelograms are equal in area.
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Theorem 5. (Evc. 1.47.)

In a right-angled triangle the square described on the -
hypotenvse is equal to the sum of the squares described
on the sides containing the right angle,

D

Let ABC be a right-angled A, having the right angle
at A. Let BCDE, ABFG and ACHK be the squres des-
cribed on BC, AB and AC respectively.

To prove that the sq. BD = thesum of "
the squares AF and AH.
Draw AP | to BE or CD, meeting DE in P.
Join AE, CF.
Proof. Since each of the adj. £s BAC,BAG isart. Z;-
CA and AG are in one¢ str. line.
Now, the £ CBE = the £ ABF ; (euch being a rt. L)

adding the Z ABC to each of them, we have the -
whole Z ABE = the whole £ FBC.

Then in the two As ABE, FBC, we have
(1 AB = FB,
@) BE = BC,
and (3) the LABE = the ZFBC:
the two As areequal in all respects. (Th. 4, Bk. 1.)
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Now, the AABE and the rect. BP are on the same base
BE and between the same [s AP, BE;

the regt. BP = twice the AABE. (Th. 3.)

Also, since the AFBC and the sq. AF are on the
same base FB and between the same |s GC, FB,
the sq. AF = twice the A FBC. (77. 3.)

Hence the rect. BP=the sq. AF. (4z. 6.)

Similarly, by joining AD and BH, it may be shewn
that the rect. CP = the sq. AH,

the rectangles BP and CP are together
= the sum of the squares AF and AH ;
i.¢., the sq. BD = the sum of the sqs. AF and AH.
Q. E. D.

Note 1. The above result may be briefly written :as follows ;-
BC*=CA!'+AB?,

Note 2. If thesides BC, CA, AB are respectively equal to a, b, ¢,
uuits of length, then
a® = b?4cl. )

Hence b = a?- ¢

and ¢? = a?-b. J
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Theorem 8. (Ecc. I 48)

If the square described on one side of a triangle be
equal to the sum of the squares described on the other
two sides, then the angle contained by those two sides is
aright angle.

8 C

Let ABC be a triangle such that BC2=CA?+ AB2.
To prove that the £BAC is a right angle.
Draw AD 1 to AC, and make AD=AB.

Join DC.
Proof. Since theZCADisart.Z,
DC?=CA2+AD? (Th. 5.)
=CA? + AB2.
Hence the sq. on DC =the sq. on BC;
DC=BC.

Now, in the two As ABC, ADC, we have

(1) AB=AD, (Cons.)

(2) AC common,
and (3) BC=DC,
the two As are congruent. (Th. 7, Bk. L)
Hence the £ BAC = the ZDAC=art. £. Q. E.D.
Note 1. We have 3?+4'=5%. Henceif thesides of a triangle
are 3, 4 and 5 units of length respectively,the triangle is right-angled.
Note 2. Again,since 5'+12*=13?, ., the triangle whose sides
are 5, 12 and 13 units of length respectively, is right-angled.
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" Note 3. We have (m? — 1) + (2un)? = (m? +n?)?. Hence, generally
speaking, if the sldes of a triangle are (m?=n?), 2mn and (m?+n?)
units of length Tespectively, the triangle is right-angled.

Hence for gach pair of numbers that may he substituted for m aud
n, we shall get a set of three numbers representing three str. lines
which can form a right-angled triangle. Thus if m=2 and n=1, we
have the sides equal to 3,4 and 5 units respectively; if m=4and 1 =3,
we have the sides equal to 7,24 and 25 uuits respectively; if m=4 and
n=1, we have the sides equal to 15, 8 and 17 units respectively; and
80 on.

EXERCISE (14).

1. Construct a square whose arca is double that of a
‘.gi'vérﬁ square.

2. Construct a square whose area is treble that of a
given square. Hence shew how to construct a square
whose area is seven times that of a given square.

8. Aand B are two fixed points; and CD is any
straight line perpendicular to AB, meeting AB or AD pro-
duced in D. If P be any point in CD, prove that the
difference of the squares on PA and PB is equal to the
difference of the squares on DA and DB.

4. Prove that a triangle whose sides are respectively
‘28, 45 and 53 units of length, is a right-angled triangle.

5. If a man starting from a place A travels 12 miles
due North and then 5 miles due Kast, how far is he from
A at the end of his journey?

8. A ladder 37 feet long rests with one end on the
ground and the other on the top of a wall, Calculate the
height of the wall if the distance of the foot of the ladder
from the wall be 12 feet.

9
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7. A rod 13 feet long is held vertically in a tank of
water, one end of the rod reaching the bottone of the tank,
and the other buing alwve the surface of the water. Ano-
ther rod of equal length is held in a slant position,
one end being in contruct with the lower end of the first rod
and the other being on the surface of the water. If the upper
end of the second rod be 5 feet distunt from the point
where the first cuts the surface of water, calculate the
length of that portion of the first rod which is above
the water.

8. Divide a given straight line into two parts so that
the sum of the squares on the parts may be equal toa
given square. )

9. Divide a given straight linc into two parts so that
the difference of the squres on the parts may be equal to
& given square.

10. Find a straight linc the square on which is equal
to the difference of two given squares.

11. AD is the altitude of an equitateral triangle ABC.
If AD and BD respectively contain pp and 2 units of
-length, prove that p? = 3m?.

12. ABC is a triangle acute-angled at B. Prove that
AC? is less than AB?+ BC?,

Hence prove that if ina triangle ABC, ACZ > AB® +

BC?, then the angle ABC is obtuse.



1L} THEOREMS. _ 131

Theorem 7. (Eve. II. 1.)

To illustrate and explain the geometri-
cal theorem corresponding to the identity

L(a+b+c)=ka+kb+ke,

A a E b F ¢ B
k ka kb ke
) [ H [+

Iet ABCD he a reclangle of which the side AB is
divided into any number of parts AE, EF and FB.
Suppose that AD, AE, EF and FB are respectively
equal to &, @, b and ¢ unite of length.
Draw EG and FH [ to AD, meeting DC in G and H.
Then the figures AG, EH and FC are rectangles and
their areas are respectively equal to %a, kb and /ic units
of area.
And the area of the whole rectangle AC
= J(@+b+c) units of area.
But the whole rectangle = the sum of its parts ;
Ha+b+c) = ka+kb+ke.
Thus, if there are two straightlines of which one is

divided into any number of parts, the rectangle contained
by the two lines is equal to the sum of the rectangles con-
tained by the undivided line and the several parts of the
divided line,
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Theorem 8. (Evc. II. 2)

Ta illustrateland explain the geometri-
cal theorem corresponding to the iden-

tity.
(4 +0)? = (e +b) +b(a +b).

A a E b B

ala+b) | b(a+d)

}

Let ABCD bea square of which the side AB is
divided into any two parts AE and EB.

Suppose that AE and EB are respactively equal to a
and b units of length ; then the side AD = (a+0) units
of length.

Draw EF | to AD, meeting DC in F.

Then each of the figures AF and EC is a rectangle ;
and their areas are respectively equal to a(e+b) and
b(a + b) units of area.

And the area of the whole figure AC
= (a+b)? units of area.

But the whole figure is equal to the sum of its parts ;
(@+b)%=ala +b) + bla +b).

Thus, if @ straight line be divided into any two parts,
the square on the straight line is equal to the sum of the
rectangles contained by the whole line and each of the
parts

a+b

o]

C
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Th orem 9. (Evc. II. 3.)

To illustrate and explain the geometri-
cal theorem corresponding to the identity

a(n+b)=a®+ab,

A a E & ]
a a? ab a
[ 3 c

Let ABCD be a rectangle, of which the side AB is
divided into two parts AE and EB, such that AE =AD.

Suppose that AE and EB are respectively equal to
¢ and b units of length.

Draw EF || to AD, meeting DC in F.

Then the figure AF is a square, and the figure EC is
u rectangle ; their areas being respectively equal to @® and
ab units of area.

And the area of the whole figure AC
=qa(a + b) units of areas

But the whole figure is equal to the sum of its parts ;
wla+d)=a®+ub.

Thus, if a straight line be divided into any two
parts, the rectangle contained by the whole line and one
of the parts is equal to the square on that part together
with the rectangle contained by the two parts.

ar————
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Theorem 10. (Euvc. IL 4.)

To illustrate and explain the geometri-
caltheorem corresponding to the identity

(@+b0)?=a?+2ab +b>.
a a £ b 8
abd b% |b

a ? ab |a
D a Fop 0

Let ABCD b>a square of which ths side AB i+ di-
vided into any two parts AE and EB ; and suppose that
these two pa.rts are respectively equal to @ and b units of
length.

Draw EF | to AD, meeting DC in F. From BC cut
off BG = BE, and draw GH || to BA meceting AD in H.

Then the figures HE and FG are rectangles, and the
area of each of them = « units of area ; and the tigures
EG, FH are squares, their areas being lespectlvely equal
to b2 and «?® units of area.

Also the area of the whole tigure AC|

= (¢ +b)? units of arca,
But the whole hgure is equal {0 the sum of its parts ;
s (@+b)? = a* +b2+2ab.

Thus, if a straight line be divided into any two parts,
the square on the whole line is equal to the sum of the
squares on the two parts together with twice the rec-
tangle contained by the parts.

—————
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Theorem 11. (Eve. 11 7))

To i1lusdtrate and explain the geometri-
cal theorem corresponding to the iden-

tity
(a-0):=a?-2ab+0b2,

A -0 L b B
/] b? G
H G
0
o dr 3
D a-b F o ©

Let ABCD be a square of which the side AB is divided
into two parts AE and EB.

Suppose that the whole str. line AB and its part BE
-are respectively equal to a and b units of length ; then the
part AE =(2 = b} units of length.

Draw EF | to AD, meeting DC in F; cut off BG = BE,
and draw GH | to BA, meeting AD in H,

Then the areas of the rectangles AG, EC are each =
ab units of area ; and the arcas of the squares HF and
EG are respectively =(a - 5)? and b® units of area.

Also the area of the whole square AC=a2 units of
area.
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Now, the sq. HF + the rect. AG+ the rect. FG
%= the 8q. AC,

Adding the sq. EG to each of these equals we have:
the sq. HF + the rect. AG + the rect. EC
= the 8q. AC+ thesq. EG;
i.e,(@a=b)?+2ab=a’+b?%;
or, (a=b)?=a%+b2-2ab.

Thus, the square on the difference of any two straight
lines is equal tothesum of the squares on the lines,
diminished by twice the rectangle contained by them.

Note. Tu the above diagram, the str. line AE may be said to be
divided externally at Binto the segmenis AR, BE. Hence the above
theorem may also be enunciated as follows: [f a straight {ine be
divided externally at any point, the square on the line is equal to the sum
of tha squarss on the two segments diminshed by twice the rectangle-
gontained by them.
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Theorem 12. (Euc. II. 5and 6.)

To illustrate and explain the geome-

trical theorem corresponding to the iden-
tity.

a?-p?=(a+b)a-D0)

A a 8 b C a-b D
T
° B
3 el@d  f§ | a@b
a
H K
&6 52

F b6 G a-b E

Let the two str. lines AB and BC be in the same str.

line, and let them contain @ and b units of length -
respectively.

Produce BC to D making BD =AB; then CD=(a~b)
units of length.

Let BDEF be the 'square on BD ;
draw CG Il to BF, meeting FE in G ;
draw AH Il to BF, making AH = CD ;.
and draw HK Il to AC, meeting CG in K.

The rectangles HB and CE are equal; the area of
the rect. AK = (a+ b)(a = ) units of area ; and the areas of

the squares BE and FK are respectively = a® and 5? units.
of area.

Now, the difference of the two squares
= the rect. CE + the rect, RK
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[

the rect. HB + the rect. BK
the rect. AK. .

Hence a?-5b% = (a+bd)a-b).

Thus, the difference of the squares on any two
striaght lines is equal to the rectangle contained by their
sum and difference.

Note. /f a straight line be bisected, and also divided into two
unequal segments (either internally or externally), then the rectangle
containgd by the unequal segments is«cqual to the difference of the
squares on half the line and on the line between the points of seotion.

A cb p A C B

S

T (2

For, if the str. line AB be hisected at C and also divided into two
unequal segments at D, then in fig. (1) we have
AD. DB = (AC+CD)(CB-CD)
(AC+CD){AC~-CD)
AC?-CD?;

H

it

and in fig. (2)
AD,. DB

i

(CD+AC)CD-CB)
(CD+AC)CD-AC)
CD?-AC?.

EXERCISE (15).

1. Illustrate and explain the geometrical theorcm
corresponding to the identity
' 2a)? = 4a®.

2. Illustrate and explain the geometrical theorcm
corresponding to the identity

(3a)? = 9u’.

3. Prove geometrically that

- (a+b)e+d) = actad+bec+ bd.
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4. Prove geomatrically that

(a4 b+0)? = a’+b?+¢? +2ab + 2be +2ca.
5. Prove geometrieally that

-)a-¢) = a* —uc+tc—abd.

6. Illustrate and explain the geometrical theorem

corresponding to the identity
(@+2)b+¢) = ac+bla+b+c).

7. If AD isthe perpendicular upon the hypotenuse
BC of u right-angled triangle ABC, prove that
AD® = BD. DC.
Herce prove that (i) AB? = BC. BD, and (i) AC?
= BC. CD. ‘

8. ABC is a triangle. and AD is perpendicular to BC.
If AD? = BD. DC, prove that BAC is a right angle.

9. Cisany point in a given straight line AB. Deduce
from Theorems Y and 10. that
AB? +BC? = AC?+2AB. BC.

10. If Cis the mid-point of a given straight line AB,
and if D ig any point in CB. prove that
AD* +DB”* = 2AC?+2CD".

11. If C is the mid-point of a given straight tine AB,
and if D is any point in CB produced, prove that
AD? +DB? = 2AC? +2CD?2,

12. C is the mid-point of a given straight iine AB.
If a point D moves from B to A, prove that the arca of
the rect. AD. DB gradually 7/ncreases until D coincides
with C, when it has its gre@iesi value, and thereafter
gradually dimninishes.
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18. In the previous case, prove that AD2+DB?
gradually diminishes until B coincides with C, when it
has its least value, and thereafter gradually $ncreases.

Hence shew that if the sum of two straight lines be:
given, the least value of the sum of the squares on the
lines is equal to half the sqare on the given sum.

14. ABisa given straight line. If a point C moves
from B to A, prove that AB?+BC? ig always greater
than 2AB.BC, except when C coincides with A ;and
that in this case AB2+BC? = 2AB,BC.

— . ————
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Theorem 13. (Euc. II. 12)

In an obtuse-angled triangle, the square on the side
opposite to the obtuse angle is equal to the sum of the
squares on the other two sides together with twice the
rectangle contained by one of these two sides and the
projection on it of the other.

A

B c D

Let ABC be a A obtuse-angled at C; and let AD
be L to BC produced, so that CD is the projection of
AC on BC.

To prove that
AB?=BC? +CA? +2BC.CD.

Proof. BD?=BC?*+CD2?+2BC.CD. (Th. 10.)
To each of the fe equals add DA?,

Then BD? + DA*=BC? +CD? + DA® +2BC.CD.

But BD? +DA? = AB”,} (Th. 5.)
and CD® +DA? = AC™

. AB*=BC?+CA?+2BC CD. Q. E. D.
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Theorem. 14, (Evc. IL. 13.)

{n any triangle the square on the side opposite to an
acute angle is equal to the sum of the squares on the
other two sides diminished by twicel the rectangle con-
tained by one of these two sides and the projection on it
of the other. ‘

/T\ |
B D C D
Let ABC be any A acute-angled at C; and let AD

be -L to CB or CB produced, so that CD is the projec-
tion of AC on BC.

To prove that
AB?=BC?+ CA*-2BC.CD.
Proof. Since BD ig the difference of the two str.
lines BC, CD, we have
BD2=BC?+CD?-2BC CD. (Th. 11.)
To each of these equals add DAZ.
Then BD?2+ DA®*=BC2+CD?+DA®-2BC.CD.

B C

But BD2+DA"’=AB"’.} (7. 5.)
and CDZ+ DA?=AC>
.. AB?=BC?+CA?-2BC.CD. Q. E. D.

Note. Comparing Theorems b, 13 and 14, we come to the follow-
ing conclusion :—

The sguare on a side of a triangle is greater than, equal to, or less
than the sum of the squares on the other two sides, according as the
angle containedby those sides is obtuse, right, or acoute ; the difference
in the cases of inequality being twice the rectangle contained by ons
of the two sides and the projection on it of the other.
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Theorem 15.
The sum of the squares on any two sides of a triangle
is equal to twice the sguare on half the third side toges

ther with twice the square on the median that bisects
the third side.

8 D E ¢ B D € E

Let AD be the median Which bisects the gide BC of a.
A ABC.

To prove that AB”> +AC2=28D* +9DA?,

Proof. ILet AE be L to BC or BC produced ; then
in the above diagram, the £ ADB ig obluse and . the
£ ADC is acute.

Hence in the A ABD,

AB®=BD?+DA’+2BD. DE ; (Th. 15)
and in the A ADC,
AC?®=CD? +DA%-2CD.DE (Th. 14

=BD*+DA*-2BD . DE.

Hence by addition. i
AB? +AC2=2BD? +2DA2 Q. K. D.

EXERCISE (186).

1. The numerical measures of the sides of a triangle
are 7,9 and 11 : prove that the angle opposite to the
greatest side ig neither right nor obtuse.
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~ Construct the triangle, taking one-tength of aninch as
‘the wunit of length. .

2. The numerical measures of the sides of a triangle
are 8, 13 and 17 : shew that the angle, opposite to the
{greatest side must be obtuse.

*Qonstruct the triangle, taking 'three-tenths of a centi-
metre as the unit of length.

3. ABC is an acuterangled triangle. The perpendi-
culars from A, B, C upon the opposite sides meet at O.
Prove that

) OA? +0B+0C? < 5(AB% +BC? +CA?).

4., The numerical measure of a side of an equilatera}
triangle ABC is a. BC is produced to D so that CD = 2BC.
If 2 be the numerical measure of AD, prove that 2 =742,

5. ABC is an acute-angled triangle; and BE, CF
.are perpendiculars lnpon CA, AB. Prove that AB. AF
= AC. AE.

6. D is the mid-point of the side BC of a triangle
ABC; and AE is perpendicular to BC, or BC produced.
Use Theorems 13 and 14 to prove that the difference of
the squares on AB, ACis equal to twice the rect.
BC.DE.

7. C is the mid-point of a given straight line AB.
If a point P moves on the circumference of a circle of
which the centre is C. prove that PA®+PB? is always
the same. '

8. The distance between two fixed points A and B is
6 inches. If a point P moves so that PA? + PB? is always
=50 square inches, find the locus of P.
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9. Pf?)ve that the sum of the squares on the two
equal sides of an isosceles triangle is less than the sum of
‘the squares on ;he two sides of any other triangle on the
same base and between the same parallels.

10. ABCD isa rectangle ; and P is any point, either,
inside or outside it. Prove that PA* + PC* =PB’* +PD?,

11. Prove that the sum of the squares on the sides of
a parallelogram 1is equal tothe sum of the squares on its
-diagonals,

12. Prove that three times the sun of the squares on

the sides of a trianglc is equal to four times the sum of
the squares on the medians.

18.  If O is the centroid of a AABC, prove that
3(0A®+0B?*+0C?)=AB? +BC?+ CAZ.
14. Prove that the sum of the squares on the sides of
a quadrilateral is equal to the sum of the squares on its
diagonals together with four times the square on the line
joining the middle points of the diagonals.

Hence prove that if the sum of the squares on the sides
of a quadrilateral is equal to the sum of the squares on the
diagonals, the quadrilateral must be a parallelogram.

10



SECTION III.
PROBLEMS.

Problem 1. (Evc. 1. 42.)

To construct a parallelogram equal to a’given triangle
and having one of its angles equal to a given angle.

A F @
B E cC D
Let ABC be a given A, and D the given .

It is required to constructa par® equal
to the AABC, and having one of its /g=the
ZD.

Cons. Bisect BC ol E.

At E in CE, make the ZCEF=/D; draw CG | to
EF ; draw AG | to BC, meeting EF and CG in F and
G respectively.

Then the figure FC is the required par™.
Proof. Join AE.

Since the two As ABE, AEC are on equal bases BE,
EC, and of the same altitnde ;
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the AABE =the AAEC.
the 2¢ABC is double of the AAEC. ... ()
The quadl. FC is a par"., because its opposite sides are [

Now, the par". FC and the AAEC are on the same
base EC and between the same [s AG, EC ;

. the par". FC is double of the AAEC. ... ..(6)
Hence, from (=) and (3),

the par". FC=the AABC ;

and it has also the £ CEF =the 2 D. Q. E. F,

Note. If the given /D be a right angle. the parallelograp. cors
tructed will be a rectangle.
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Problem 2.

‘ .
To construct a triangle equal in area ‘*to any given
rectilineal figure.

T,et ABCDE be a given rectilineal figure.

‘g required to construct a A equal in
the rectil. figure ABCDE.

in AC, AD.

AC, meeting DC produced in F ; and
+ing CD produced in G.

AG.
lired A.
BC. AFC are on the same base
' s AC, BF
\AFC. v (@)

o the same base AD

w (B
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Hence, from (o) and (8),
the AAFC+the AACD+the AAGD
=the AABC+the AACD+the AAED ;

i.e., the AAFG=therectil. figure ABCDE. Q. K. F.

Note 1. The given rectil. figure is=the rectil. figure ABCG which
has one side less than those of the given figure, From this it is clear
‘that a seven sided rectil: figure can be reduced to one of siz sides, and
this latter again to one of five sides ; and 8o on. Thus, by successive

repetitions of the above process, any given rectil. figure may be finally
reduced to a triangle of equal area.

Note 2. We can construct a rectangle (qual to any given rectil,
figure. . For, all that we have to do is to reduce the given figure to a

. tri;ingle of equal area, and then construct a rectangle equal to this
triangle,
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Problem 8.

To construct a square equal in area to a given

rectangle.
*\
)

A P E

P [4
Let ABCD be the given rectangle, of which the side
AB is > theside BC.
Tt is required to construct a square
' to the rectangle AC.
Produce AB to E, making BE = BC.

mid-pt. of AE ; with centre F, and radius
a semi-circle on AE.

tthe O in H.
ig the required square.

vt. L.
(Th. 5.)

(Th. 12)

v, F.
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Note. We can now construet a square cqual to any given rectil.
figure. For. all that we have to do is to construct a rectangle equal
to the given figure (Note 2, Prob. 2). and then construet a square
equal to this rectangle.

EXERCISE (17).

1. On one side of a triangle construet a parallelogram
-equal to the triangle.

2. On one sid- of a triangle a« base construet an iso-
sceles triangle, equal to half the given triangle.

Hance shew howtio construct a 70 bus equal to a given
‘triangle, having one side of the (riangle as a diogonal.

3. Bisect a parallelogram by a straight line drawn
through any given point,

4. Bisect a triangle by a straight line drawn through
a given point in one of its sides.

5. Bisect a quadilateral by a straight line drawn
through one of its angular points.

6. Pisa given point in the side AB of a triangle
ABC. Find a point Din BC produced so that the tri-
angle PBD may be equal to the triangle ABC.

7. ABCis atriangle and P is apoint in BA produceil.
Find a point D in BC go that the triangle PBD may be
equal to the triangle ABC.

8. Divide a triangle into fiv: equal parts by straight
lines drawn through one ~* fntg,

Hence cut off fr ©oafit
by a straight 1
its gides.
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9. Trisect a triangle by straight lines drawn throu‘g\h
a given point in one of its sides. )

10. On a given straight line AB construct a rectangle
equal to a given square.

11. Ona given straight line AB construct arectangle
equal to a given rectangle.

12. Ona given straight line construct a rectangle
equal to a given iriangle.

13. On a given straight line construct a triangle
equal to a given triangle.

14. Shew that if a rectungle be equal toa square, the
perimeter of the square is less than that of the rectangle.

Hence shew that of all rectangles having the same
. area the square is that which has the /eas/ perimeter.



SECTION 1IV.

MISCELLANEOUS PROPOSITIONS.

1. Thestraight line joining the middle points of
any two sides of a triangle is parallel to the third side,
and equal to half of it.

Let D. E be the mid-pts. of the sides AB and AC of a
A ABC.
To prove that DE is | to BC and is=}BC.
Proof. 1) Join BE, CD.
The As BDC, ADC are on equal bases and of the
same altitude ;
<. the A BDC = the A ADC;

and .. the A BDC =3 the A ABC.
Similarly, the A BEC =} the A ABC.

Hence the A BDC the A BEC.
.. DE is | to BC. (Cor. Th. 4.)
(2) Let F bethe mid-pt. of BC; join EF.
Then since E and F are the mid-pts. of AC and BC,
EF is [ to AB.

(]

Hence DF is a par".;
‘DE= BF&BC. Q. E. D
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“Cor. Conversely, if through the middle point of a side of a triangle

‘a straight line be drawn parallel to another, it will pass through
the middle point of the third side.

In the above diagram, if DE be | to BC, then the
A BEC = the A BDC.

the A BEC = } the A ABC.

Hence the pt. E is the mid-pt. of AC (for, if any other
pt. E' were the mid-pt., the A BE'C would be half of the
A ABC, which is impossible. :

2. IfDisthe mid-pt. of the side BC of a triangle
ABC, prove that AD bisects any straight line EF drawn
parallel to BC meeting the sides AB, AC at E and F
respectively.

A

B D [

Proof. (i) Join DE, DF.

The As BED, DFCare on equal bases BD, DC and
between the same |ls EF, BC;

the A BED = the DFC. (Note 2, Th. 2.)
Also the A ABD = the A ADC.
the A AED = the A AFD. (4z. 3.)

(ii) Let EG and FH be the altitudes of the As
-AED, AFD ; and let K be the pt. where EF cuts AD.
The A AED = } the 1ect. AD.EG;} (Cor. Th. 3)
and the A AFD = } the rect. AD.FH.
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Hence EG=FH.

Now in thé?As EKG, FKH, we have
(1) the ZEKG=the ZFKH,
(2) the Z/ EGK =the ZFHK,

and (3) EG=FH.

Hence EK =KF. Q. K. D.

3. ABis a given straight line, Find a point P in
AB, or AB produced, such that the difference of the

squares on AP, BP may be equal to the square on a
given line CD.

A P B DA B P D

Cons. Draw BE L to AB. making BE =CD.
Join AE ; and make the L AEP =/ EAB.
Let EP meet AB, or AB produced, in P.
The point P thus found is the required point.
Proof. Since the £ AEP =the £ EAP,
AP=EP.
Hence, AP®~-BP*=EP®-BP*
=EB? ("' the ZEBP is right)
=CD2. Q. E F.



156 MODERN GEOMETRY. [BOOK

4. Divide a given straight line internally so that
the rectangle contained by the two segments may be
equal to a given square ; a side of the square being |ess.
than half the given stright line.

A

Let AB be the given straight line, and CD a side of
the given squhre.

To find a pt. K in AB so that the rect,
AK.KB may be=the s8q. on CD.

Cons. Bisect ABat E.

With E as centre and EA as radius, describe a semi-
circle on AB.

Draw AF L to AB, making AF =CD.

Draw FH | to AB, and let H be one of the points
where FH cuts the semi-circle.

Draw HK L to AB; then K is the reqd. pt.

Proof. Join EH.

FK is a rectangle; .. HK = FA=CD.

Now, AK.KB=AE?-EK? (Th. 12, Note.)
=EHZ-EK?
= HK?
- CD™. Q. E F.

Note. Hence, given the area of a rectangle and the sum of its
adjacent sides, we know how to construct the rectangle,

If-the area be given as equal to that of a given rectangle, we have
first of all to construct a square equal to this rectangle (Problem
8), and then proceed as above.
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5. Divide a given straight line externally so that the
rectangle contained by the two segments may be equal
to a given square,

A F B HD

Let AB be the given str. line, and CD a side of the
given square.

To find a pt. Hin AB produced so that
the rect. AH. HB may be = the sq. on CD.

Cons. Draw BE L to AB, making BE = CD.
Bisect AB at F, and join FE.

Produce FB to H, making FH = FE.

Then H is the required pt.

Proof. AB is bisected at F and divided externully
at H;

AH.HB = FH? -FB? (Th. 12, Note.)
= FE?-FB®
= EB?
= CD”. Q. E. F.

Note. Hence, given the area of a rectangle and the difference of
its adjacent sides, we know how to construct the rectangle.

If the area be given as_equal to that of a given rectangle, we have
first of all to construct a square equal to this rectangle (Problem 3),
and then proceed as above.
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6. AB is a given straight line, Find a point W in
AB, so that the rectangle contained by AB and BH may
be equal to the square on AH.

F G

A H
e/

0 K [

Cons. On AB describe the square ABCD.,
Bisect AD at E, and join EB.
Produce EA to F, making EF = EB.
From AB cut off AH = AF; then H is the reqd. pt.
Proof. Through H draw GHK | to FD, meeting DC
in K; and draw FG || to AB, meeting KG in G.
Now FK is a rectangle, which is contained by DF, FG
and .. by DF, FA; and FH is the 8q. on AH.
Since DA is bisccted at £ and divided externally at F,
s DF.FA = EF?-EA? (Th. 12, Note.)
= EB?-EA?
= AB? (. the ZEAB ig right).
Thus, the rect. FK = the sq. AC.
Taking away the common part AK, we have
the 8q. FH = the rect. HC
= the rect. AB, EH (" CB=AB).
That is, AH? = AB. BH. Q E.F.
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Note. A straight line ix divided in medial section when the

rectangle contained by the whole line and one of the parts is equal to
the square on the bther part.

7. If the sides BC, CA, AB of a triangle be respect-
ively equal to a, b,and ¢ units of length, and if
28 =a+b+e,

prove that the area of the triangle
= V8(S —a)s —-b)(s - ¢) vnits of area.

A

p

® D @ c

Let the altitude AD of the triangle contain » units of
length.

Let BD be= . units of length ; then CD =(a& - ) units
of length.

From the A ADB, we have p® = 2w ?
and from the A ADC,
pt =i -(a-x)?.

=2 =0 -(a—-u)®

’

az_hz +02>

! . =
whence « 9%

Hence, p? = ¢*—-u”
-02- (au_bz+c2)2
2w

_ w?t'&’t@’}{ -ﬁ:!’.’.i’_cf}
- [c+ 2a ¢ 2a
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_letait=p® ?=(c-a)?

2a 2a
_(eta+eta—=b)(b+c—aXb-c+a)
= 2 .

Now, since 28 =a+ b +c¢,
cta—-p=(a+b+ec)—2b=2(s-0),
brc—u =(@+tb+c)-2a=2(s-a),
a+b-c =(@+b+¢)=2=2s—c).
. _4s(s—a)s—b)(s—ec)
p-= 3
a
92 Js(s —a)s—b).s—¢)
p= p :
Hence, the number of units of area in the area of the
AABC o

= (—122 = Js'(év-”d)“(s -0)s—¢).

EXERCISE (18).

1. BCDE is a square on the hypotenuse BC of aright-
.angled triangle ABC. Prove that
AB? +ADZ = AC2+ AE®.
2. O is a point within a triangle ABC, such that the
three angles OAB, OBC, OCA, are equal to one another.
Find the position of O.

3. If two triangles that are equal in area stand on the
same base and on oppogile sides of it, prove that the straight
line joining their vertices is bisected by the base or the
‘base produced.

Hence, prove that the medians of a triangle are con-
.current.

4. E, F, G, H are the middle points of the sides AB,
BC, CD, DA respectively of any quadrilateral ABCD.
Shew that the quadrilateral EFGH is a parallelogram, and
that itsarea is half thagiof ABCD.
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+ O If the acute angles of a right-angled triangle are
60° and 30° respectively, prove that the equilateral triangle
described on the hypotenuse is equal to the sum of the
equilateral triangles described on the other two sides.

6. 1f the angle C of a triangle ABC be 60°, prove that
AB*=BC®+CA®*~-BC. CA.

7. 1f the angle C of a triangle ABC be 120° prove
“that AB?=BC?+CA? +BC.CA.

8. 1In a triangle ABC the angles B and C are acute.
1f BE, CF be perpendiculars to AC, AB respectively,
prove that BC?=AB.BF +AC.CE.

9. Divide a given straight line into two parts so that
the square on one of the parts may be double the square
on the other.

10. Prove that in any quadrilateral the sum of the,
squares on the diagonals is equal to twice the sum of the
squares on the straight lines joining the middle points of
opposite sides.

11. BC is the -hypotenuse of a right-angled triangle
ABC, and AD is perpendicular to BC. If b, ¢, h are the
numerical measures of CA, AB, AD respectively, prove
that

1
n

12. Bisect a quadrilateral Dy a straight line drawn
through a given point in one of its sides.

13. Taking any straight line as the unit of length, find
a straight line of which the numerical measure is J/6.

14. Calculate the area of a triangle the numerical
measures of whose sides are 10, 17 and 21

11

.ll—‘

+

ol
N
at;lb-‘
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Hence find the numerical measure of the perpendi-
cular on the greatest side from the opposite angular point.
15. The nnmerical measures of the parallel sides of a
trapezimm are 20 and 34, and those of the other two sides-
are 13 and 15. Calculate the area of the trapezium.

18. Describe a rhombus equal toa given rectilineal
figure.

17. Construct a rectangle equal to the sum or differ-
ence of two given rectangles.

18. A and B are two lixed points. P and Q are two.
other points such that "
PA2-PB2=QA?-QB>.
Prove that the perpendiculars from P and Q upon AB’
are in the same straight line.

Hence, if A and B are two fixed points and a point P
moves so that PA2 - PB? is always the same, prove that
the locus of P is a straight line perpendicular to AB.

19. The base BC of a triangle ABC is divided inter-
nally at D, so that
m,BD=n.CD; where i and n are integers.
Prove that
m. AB2 +n. AC®=11.BD? + n.DC* +(m 4+ »). AD?.
20. The base BC of a triangle ABC is divided exter-
nally at D, so that
m. BD =n.CD; where m and n are integers.
Prove that
m. AB? —n.AC? =ni,.BD? - n.DC? + (m —n). AD>.
21. 1If O be the centroid of a triangle ABC and P auy
other point, prove that
PA2+FB?+PC? = OA%Z+0B2+0C2+3PO2.
What point is that the sum of the squares of whose:
distances from the vertices of a given triangle is the least ?
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The Circle.
SECTION 1.

FUNDAMENTAL IDEAS AND DEFINITIONS.

1. A circle is a plane figure bounded by one line
which is such that all straight lines drawn to it from a
cer:ain point within the figure are equal to one another.

2. The bounding line of a circle is called its cir-
cumference.

3. The point within a circle from which all straight
hnes drawn to the circumference are equal is called the
centre of the circle.

4. Any straight line drawn from the centre of a
circle to the circumference is called a radius of the
circle.

Note. 1. Allradii of the same circle are equal to once another,

Note. 2. If a straight line be drawn from the centre of a circle
cqual to the radius, the extremity of the line will be on the
eircumference.

5. Any straight line drawn through the centre of a
circle and terminated both ways by the circumference is
called a diameter of the circle.
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6. A semi-circle is the figure bounded by a
diameter of a circle and the part of the circamference
which it cuts off.

Note. 1. Every diameter divides a circle into two semi-circles.

Note. 2. Suppose the diameter AB
of a semi-circle ACB to remain fixed,
while the semi-cirele is turned round

AB until it falls on the side of AB \

remote from C. The distance of every ) A
point on the semi-circumference from

O remains unaltered by this change of ‘

position. Hence, if OP be drawn in

any dircction on that side of AB which -

is remote from C and equal to a radius of the semi-circle, then P
will be on the semi-circumference in its prescnt position.

7. A circle cannot have more than
one centre. TIi possible, let a cirele have two centres,

O and O'. Produce OO hy'h
ways to meet the O in A and
B. Then, since. OA=0B, we
have OA =% AB : and similar-
ly, O'A - 4AB  Therefore OA
=0'A. which is impossible.
Henee, if O is the centre of a
circle, lbere is no ofher point

ratisfying the same condition.

Note. Ifthe circumference of two circles coincide their centres
must also coincide. Ior, when the circumferences coincide, the two
drcles become one and the same cirele.  Hence, if the centres do not
coincide, there will be two centres to one circle, which is impossible.

8. Two or more circles are said to be concentric
when-they have the same centre.
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9. If two circles have equal radii, they
are also equal in area. Suppose one of the cir-
cles tn be taken up and so placed
upon the other that tha two cir-
eles become concentric, the point
O being the c¢ommon centre.
Now, if a straight line be drawn
from O in any direction and
equal to the radius of one of the
circles. it will alco be equal to the
radius of the other cirele, and

bence the extremity of the line

will be on both the circumferences. Thus. the two circum-
ferences will coincide every where, and will consequently
enclose the same amount of surface. ‘

10. If two circles
haveunequalradii their
areas also are unequal. p
Suppose one of the circles to he
taken up and so placed upon the
other that the two circles be -ome
concentric. Let P denot- the
circle which hasthe larger radius,
and Q. the other circle.

Then, wbichever point on the O of Q may be taken,
its distance from the comuion centre is less than the
radius of P. Hence every point on the O of Q, and
consequently the entire ciscumference, lies within the
circle P. Clearly therefore the amount of suarface
enclosed by the O of Q is less than that enclosed by the
©®* of P, which proves the proposition.
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Note. Hence, if two circles have equal areas their radii also are
equal, The raddi cannot be unequal, for, in that case, the areas would
be unequal too. ‘

11. The word “circle” is often used to mean the
“circumference of a circle”. For instance, when we say
that ‘“one circle cannot cut another in more than two
points,” we mean that “‘the circumference of one circle
cannot cut the circumference of another in more than two
points.”

12. Any part of the circummference of a circle is
called an &IrcC of the circle.

13. 'The finite straight line joining any two points
on the circumference of a circle is called a chord of the
circle.

Note 1. A diameter is also a chord.

Note. 2. Every chord, which is not a diameter, divides the cir-

cumference into two unequal arcs, of which the greater one is called
the major are, and the lesser, the minor arc.

Note 3. Two ares of a cirele are said to be conjugate to e: ch
other when they together make up the whole circumference. Hence
two conjugate ares stand on opposite sides of the same chord.

14, A segment of a circle is the figure bounded
by an are and the chord joining the extremities of the arc.
Note. 1. A semi-circle is also a scgment.

Note 2. The chord of a segment is also called the buse of the
segment.
156. Anangle in a segment is the angle con-
tained by two straight lines drawn from any point in the
arc of the segment to the extremities of its chord.
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16. Similar segments are those which con-
{ain equal angles. Thus, in the following diagram, the
segments ACB and PRQ are similar, because the Z s ACB
.and PRQ are equal.

17. A sector of a cir-
«cle is the figure bounded by a..
are and the two radii drawn to
the extremities of the arec.

Thus, in the adjoining dia-
gram, the fignre AOBC is a
sector of the (OABD. The
tigure AOBDE is also a gector.

Note 1. The angle between the two bounding radii of a scetor
is valled the angle of the sector. Hence the angle of the sector
AOBDE is the re-entrant angle AOB,

Note 2. A sector becomes a semi-cire'e when the angle of the
sector becomes equal to two right angles,

18. A figure is said to be Symmetrical about
& line if the part of the figure on one side of the line
.coincides completely with the part on the other side when
the figure is folded about that line.
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" Note 1. It is easy te see that an isosceles triangle is symme-
trical about the bisector of its vertical angle.
Note 2. The linc about which a figure is symmetrical is called
a line of symmetry in the figure. In other words, if a straight line
and a figure be so related that, when the figure is folded about the
line, the part of the figure on one side of it coincides completely
with the part on the other side, then the line is called a line of sym-
metry in the fiqure.

19. A circle is symmetrical about any
diameter. Let O be the
centre of the circle ABC ot
which AB is a diameter, a3 in
the adjoining diagram. Let
the circle be folded about AB
#o that the semi-circumfercnce
ACS8 falls on the side of AB
remote from C. Now, if from
O a straight line OP bu drawn
in any direction to mect the
semi-circumference ADB in F, then P will also be on the
semi-circnmference ACB in its preseni position, because
OP is a radius of the circle.

Thus any straight line drawn through O to meet the
semi-circumference ADB will mect both the semi-circum-
ferences in the same point. Hence the two semi-circam-
ferences will coinecide everyiwhere.

Note 1. Two poinis on the circumference of a circle are said
to be symmetrically opposite with regard to a diameter, if they coin-
cide with one another when the circle is folded about that diamcter.
For ivstance, if the points C and D, in the above diagram, coincide
when the cirele is folded about AB, then C and D are symmetrically
opposste points with regard to AB. Each of the points C and D is
aleo said to be the image of the other with regard to the diameter BA.
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Note 2, The chord joining two symmetrically opposits points
with regard to a di'ameter is bisected at right angles by that diameter,

In the preceding diagram, let CD cut AB at M. Then, when the
circle is folded about AB, and C coincides with D, it is evident that
MC coincides with'MD and is therefore equal to it : clearly also the
angle OMC coincides with the angle OMD and is therefore equal to
it. Hence AB biscets CD and is also perpendicular to it.

20. Any unlimited straight line that cuts the cir-
cumference of a circle is culled a 8ecant of a circle.

Note. Hence, a chord when produced both ways becomes a
secant. o, in other words, & chord is that portion of a secant which
lies within the cirele.

21. 1f a secant of a circle moves so that the two
points in which it cuts the circumference continually
approach one another, then in the position which it ulti-
mately takes up when the two points coincide, the secant .
becomes what is called a tangent to the circle; and it
is said to fouch or be the twngent to, the circle at (the

. point al which those two points coincide.

Note 1. Iu the joining
diagram, let PQ bea sceant of
the circle whose centre is O.
Let P remain fixed while Q
moves along the circumference
towards P; then the secant
PQ wilt continually change
its position. If PT he the
position which the secant
agsumes when Q  coincides
with P, then PT is the tangent
to the circle at the point P
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Note 2. Tet P, Q be any
two points on the circumference
of a circle. Suppose that the
secant PQ moves in such a
manuver that the points P and Q
approach nearer and nearer to
some point R on the arc PQ,
and ultimately coincide at R, [If
TRT' bethe position of the sceant
when P and Q cob cide, then
TRT' is the tangent to the cirele
at the point R.

Note 3. Irom the above it is clear that when a straight line
beeomes a tangent (o a cirele at any point, it does not cut the
-cirennference at that point. Hlence a tavgent to a circle is an wnli-
mited straight line which meets the cireumference but does not cut it
at the point of meeting.

Note 4. The point at which the tangent to a circle meets it, is
called the point of contact of the tangeot.

'Note 5. A tangent may also he regarded as a secant cutting the
circumference in two coincident points  In other words, a tangent is'
a secant of which the chord-portion does not exist.

22. It the circumfercnce of one circle passes through
two near points on the circumference of another, and if
one of the circles moves, while the other remains fixed,
50 that the two points come nearer and nearer to each
other, then in its ultimate position. when the two points
coincid=, the moving circle is said to tOUCh the other
at the point of coincidence of those two points.

~ Note 1. In the diagram on the next page, let O and O' be the
centres of the two circles which cut each other in the points P and

Q. It the first circle moves, while the second remains fixed, so that
‘the points P and Q come nearer and nearer to one another, and if
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HRK be the ultimate position of the moving circle when P and Q
«oincide at R, then t;he circle HRK is said to touch the circle RMN
at the point R.

. Fie.2 ¥

Note 2. Hence it is clear that two cireles may be said to touch
-each other when they meel but do not cut each other at the point of
‘meeting.

Note 3. It may also be said that onc circle touches another
when the circumference of the former passes through two coincident
points on the circamference of the latter,

Note 4. In the above diagram, let TRT' he the ultimate
position of the secant PQ, when P and Q coincide at R.

Then TRT' is clearly a tangent to cach of the two cireles,
hecause it passes through two coincident points on each circum-
f'creucc. iLence, when two circles touch each other, they have a common
tangent at the point of contact.

Note 5. Two circles are said to touch each other internally,
or {o have inteanal contact when the centres of the circles are on
the same side of the point of contact, as in fig. (1); and they are
said to tonch each other externally, or to have external contact,
when the centres are on oppo-ite sides of the point of contact, as
in fig. (2).

283. When all the angular points of a rectilineal
figure lie on the circumference of a circle, the rectilineal
figure is said to be inscribed in the circle, and
the cirele is said to be circumscribed about the
rectilineal figure.
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24. When each side of a tectilineal figure is a
tangent to a circle, the rectilineal figure is said to be
circumscribed about the circle, and the circle
is said to be inscribed in the rectilineal
figure.

25. If each vertex of one rectilineal tgure lies on a
side of another and there is one veitex of the first figure
on each side of the secoud, then the first figure is said to
be lngcribed in the socond then the second is said to be
circumscribed about ih. first. Thus, in the follow-
ing diagram, the quadrilateral HEFG is inscribed i the
quadrilateral ABCD, and the quadrilateral ABCD is ¢i7-
cumscribed abonl the quadrilateral HEFG.

A H B
/
@ E
D
C

EXERCISE (19).

1. Let O be the centre of a circle whose radius is twe
inches. If from O any straight line OP be drawn equal
to two inches in length, prove that the doint P is neither
inside the circle nor outside it.

2. If A and B betwo concentric circles such that the
radius of A is smaller than that of B, prove that every
point on the circumference of A is within the circle B.
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3. If A and B be two concentric circles such that the
radius of A is eqhal to that of B, prove that every point

on the circumnference of A is on the circumfercnce
of B.

4, Deduce, from examples 2 and 3, that if two circles
cut each other they ecan nol have the saine centre.

5. AB is a chord of a circle of which the centre is
O. If P beany point in AB and Q any point in AB
produced, prove that OP is less than, and OQ is greater
than, the radius of the circle.

6. When does a segment become a semi-circle ?
7. When does a sector become a segment ?

8. Every chord divides a circle into two segments ;
when are the segments equal ?

9. Divide a circle into two equal sectors.
’

10. Prove that a semi-circle is symmetrical about a
straight line drawn through the centre at right angles
to the diameter.

11. Prove that a sector is symmetrical about the
bisector of its angle.

12. If a chord be perpendicular to a diameter, prove
that the extremities of the chord are symmetrically
opposite with regard to that diameter.

13. When a secant becomes a tangent, what becomes
of the extremities of the chord-portion of the secant ?
Where then is the middle point of the chord-portion ?
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14. Two circles that touch each other may also be
regarded as cutting each other in twe points. How ?
Prove that two circles that touch each other have a
common tangent at the point of contact.

15. When is one rectilineal figure said to be inscribed
in another? Show that if one or other of the two
conditions were omitted fromn the difinition, the inner
figure could not necessurily be regarded as having the
same number of sides as the outer figure.

16. AB is a diameter of a circle of which the centre
is O ; and P is a point on the diameter between O and B.
If C is any other point on the circumference, prove that
PC ig less than PA but greater than PB.

If D be a point on the arc AC, prove that PD ig
greater than PC.

17. AB is a diameter of a circle, and P is a point on
BA produceds If Cis any other point on the circum-
ference. prove that PC is greater than PA but less
than PB.
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THEOREMS.
Theorem 1. (Euc.IIL 3.)
A straight line drawn from the centre of a circle to
bisect a chord which is not a diameter, is at right angles
to the chord ;

Conversely, the perpendicular to a chord from the
centre bisects the chord.

Let O be the centre, and AB a chord, of the ® ABC.
(i) Let D be the mid.-point of AB.
To provethat OD is .L to AB,
Join OA, OB.
Proof. 1Inthe As OAD, OBD, we have

(1) AD=DB, (Hyp.)
(2) OD common,
and (8 OA=0B; (Raditi of the ®)

the two As are congruent. (Bk, I, Th. 7))
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Hence the Z0DA=theZODB ;
and .. ODig L to AB. : Q. E. D.

(ii) Let OD be -L to AB.
‘'To prove that AD=DB.
Join OA, OB.

Proof. Inthe right-angled As ODA, ODB, we have
(1) OD common,

and (2) the hypotenuse OA=the hypoténuse OB
(Radii)

the two As are congruent.
Hence AD=DB. Q. E. D.

‘Cor. 1. A straight line cannot cut a circle in more than two points.

For, in the above figure, if the chord AB were to meet
the circle again at some other point E, then D would be
the middle point of AB as well as of AE, which is
impossible.

Qor. 2. The middle points of any system of parallel chords of a
circle lie in a straight line passing through the centre.

For, if a str. line be drawn from the centre .L to one
of the chord¢! it will be L to all chords, and will
intersect all the chords at their middle points.

Note. 1. Of the many bisectors of AB there is only one which
is also perpendicular to it ; and it is on this bisector, and on no
vther, that O must lie, because O is equi-distant from A and B.
(Th. 2§ Bk. I). Hence, if it is known that OD is a bisector of
AB, we at once conclude that OD is also perpendicular to it, because
Q can not lie on any other bisector.
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Note 2. Of the many perpendiculars to AB there is only one
-which also bisects AB ; and it is on thss perpendicular, and on no
other, that O must lie, because O is equidistant from A and B
(Th, 25, Bk. I). Hence, if it is known that" OD is perpendicular
to AB, we at once conclude that OD also bisects it, because O can
not lie on any other perpendicular.

Note 3. If a perpendicular be drawn to AB through its middle
point, it must pass through O ; because, no point that is eqni-
distant from A and B can lie outside this perpendicular.
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Theorem 2.

. .lj" two pircles cut each other in two points, th.e line
Joining their centres bisects the common chord at right
angles.

Let the s whose centres are A and B cut each other
in the points C and D.

Join AB. Also join CD ; then CD is the common
chord of the two Os.

To prove that AB bisects CD at right
angles.

Let AB be produced both ways ; and let it cut the
OA in E and F, and the ©® B in H and K.
Let N be the point in which AB and CD intersect.

Proof. Suppose the figure to be folded about the
line EK, so that the upper portion of the figure falls on
the side of EK remote from C.

Then, since the OA is symmetrical about the diameter
EF, the semi-O® FLE will entirely coincide with the
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semi-O FME ; and, for a similar reason, the semi-O®
HPK will entirely coincide with the semi-O* HQK.

Hence, the point C will fall upon the semi-O“ FME
ane also upon the semi-O HQK ; it will therefore
coincide with the pt. D.

Hence NC=ND, and the Z BNC=the 2 BND; which
shews that AB bisects CD at right angles. Q. E. D.

Note 1. The proposition may be also proved as follows:
Through N, the mid -pt. of CD, draw the str. line KNE perpendi-
culur to CD, Then, since the pt. A is equidistant from C and D,
it must lie on the str. line KE (Th. 25, Bk. L); and, for a similar
reason. the pt. B also must lie on KE. Hence the str. line AB
coincides with the st= line KE, and ", it bisects CD at right angles.

Note 2. It may bealso deduced as a corollary to Theorem 1:
Let N be the mid -pt. of CD; join AN and BN. Then AN and BN
are both perpendicular to CD (Th. 1); the Zs ANC, BNC are
therefore together=two 1t. angles, and hence AN and NB arc in
the same str. line. Hence, the str. line AB bisects CD and is
a w0 pe-pendicular to it.
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Theorem 3.

‘There is one circle, and one only, ‘which passes
through three given poins not in a straight line.

Let A, B, C be three given pointy which do not lie in
one str. line.

To prove (i) that a circle can be drawn
through A, B, C; and (11) that there is only
one circle passing through them.

Proof. (i) Let DO and EO, which are the L bisec-
tors of AB and BC, mect at O. Join OA, OB, OC.

Then, since O is on the - bisector of AB, we have
OA=0B ;
and, for a similar reason, OB=0C.
OA=0B=0C.
Hence the O described with centre O and radins OA
will pass through all the three pts. A, B, C.
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(ii) If a O be described with centre O and a radius
different from OA, it will pags throwgh nonc¢ of the pts.
A, B, C. "

If a © be described with centre O, different fromn O,
it will not pass through all the three pts. A, B, C ; for, a
point other than O can nof be equidistant from those
three pts.

Hence the only O that can pass through the three
pts. A, B, and C is the © described with centre O and
radius OA. Q. E. D.

Cor. 1. One circle can not cut another in more than two points.
For, if one (© has three rpoints in common with another, then there
will be fwo (©s. passing through the same threc points, which is
impossible

Cor. 2. If from a point O
within a circle three equal staright
“lires OP, 0Q, OR can be drawn
to the circumference, then O must
be the centra of the circle.

Since the pt. O is equi-
distant from the pts..P, @, R,
it must be the pt. of inter-
section of the -L bisectors of
PQ and QR ; and there is
no other pt. Dbesides this
which can be equidistant from those three pts. Hence
the centre of the given ©, which certainly is equidistant
from the pts. P, Q. R, on the circumference, must coincide
with O.
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Note 1. A circle is said to be described (or circumscribed)
about a triangle when it passes through the vertices of the triangle,
The circle described about a triangle is  called the circum-circle
of the triangle ; and the centre and radius of this circle are res-
pectively called the circum-centre and the circwn-radins of the
triangle.

Note 2. The circum-cenire of a triangle is cvidently the poing
of intersection of the perpendicular bisectors of any two of its
sides ; and the circum-radius is the distance of any vertex of the
triangle from the circuam-centre.



1IL]. THEOREMS. 183
'‘EXERCISE (20).

1. AB s a chord of a circle of which the centre is O.
Prove that the straight line drawn from O to the middle
point of AB passes through the middle point of any other
chord that is parallel to AB. -

2 Prove that in a circle the centre and the middle
.points of any number of chords that are parallel to one
another lie in one straight line.

3. If two chords of a circle biscct each otber, prove
that their point of intersection must be the centre of
the circle

Hence, prove that the diagonals of a parallelogram
inserib:d in a circle are equal and that the parallelogram
is a rectangle.

4. If two circles, whose centres are A and B, have
-one point P in common, prove that they have also another
point @ in common, where Q is such that PQ is bise-
cted at right angles by AB.

‘ 5. 1f any number of circles pass through two given
points, prove that their centres all lie in one straight line,

6. If the chords AB, AC of a circle are equally in-
clined to the radius to A, prove that AB=AC.

7. Prove that the circum-centre of a right-angled
triangle is the mid-point of its hypotenuse.

8 If two circles have two points in common, prove
that any two parallel straight lines drawn through the
.common points and terminated by the circumferences are
eqaul.

9. Construct a triangle whose sides are 2, 3 and 4
inches respectively, and find the point which is equi-
distant from the angular points of the triangle.
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Theorem 4. (Kuc. IIL 26 aND 27.)

In two equal cirr;les, if there be two arcs, one in eqch,
subtending equal angles at the centres, then these two
arcs are equal,

Conversely, if there be two equal arcs, one in each,
then the angles which they subtend at the centres are
equal,

Let ABH and CDK be two equal ®Os whose
centres are P and Q; and let the arcs AB and CD
subtend the 4s APB and CQD respectivety at the
centres.

(@) If the 2APB be equalto the 2CQD, to
prove that the arc AB is equal to the arc
COD.

Apply the © CDK tothe ® ABH, turning the for-
mer in the direction of the arrow-head, so that the centre
Q may coincide with the contre P, and QC may fall
upon PA.
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Then, smce the LCQD=the "/ APB, QD will fall
upon PB.

" Hence, since QC=PA and QD =PB, the pts. C and
D must coincide with the pts. A and B respectively.

Also, since the two Os have now become concentric:
and they have equal radii, the two O must coincide
everywhere.

Hence the arc CD entirely coincides with the arc AB
and is .. equal to it. - Q. E. D.

(i) If the arc AB be equal to the arc CD,
to prove that the 2 APB=the 2CQD.

Apply the O CDK tothe ® ABH. turning the for-
mer in the direction of the arrow-head, so that the centre
Q may coincide with the centre P, and QC may fall .
upon PA.

Then, since QC=PA, the pt. C must coincide with
the pt, A ;

Also, since the s have now become concentric and
they have equal radii, the two O coincide everyiwhere.

Hence, tince the arc CD=the arc AB. the pt. D must
coincide with the pt. B

Now, Q coinciding with P znd D with B, QD coin-
cides with PB ; and consequently the 2 CQD coincides.
with the £ APB.

Hence, the Z CQD =the £ APB.

Q E. D

Cor. 1. Ifin the same cirole ABH, the aros AB and EF subtend
equal £s APB, EPF at the centre, then the are AB =the aro EF.
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A “B C

Let CDK be a @ whose centre is Q and radius=PA,
and let the 2 CQD contained by the radii QC and QD be
=the ZAPB (or the ZEPF). Clearly then the arc
AB =the arc EF, because each of them =the arc CD.

Cor 2. If in the same circle ABH. the arc AB be=the arc EF,
then the fs APB, EPF, which these arcs subtend at the centre,
-are equal,

Let CDK ba a © whose centre is Q and radius=PA,
and let the arc CD be=the arc AB (or the arc EF).
Clearly then the / APB=the ZEPF, because each of*
them =the £ CQD.

Cor. 3. Inequal circles, sectors which have equal angles are equal;
-also, segtors which have equal arcs are equal,

If the © CDK be applied to the © ABH so that the
Z CQD coincides with the £ APB, then thearc CD also
coincides with the arc AB. Hence the sector QCD en-
tirely coincides with the sector PAB andis .. equal to it.
Similarly, if the arc CD be = the arc AB, it follows that
the sector QCD = the sector PAB.
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Theorem 5. (lovc. IIL 29 AND 28.)

3

In two equal circles, if there be two equal arcs, one
.in each, then the chords of these two arcs are equal ;

Conversly, if there be two equal chords, one in each,
then the arcs which they cut off are equal, the major
arc being equal to the major arc and the minor to the
minor, ‘

Let ABE and CDF be iwo cqual Os of which the
centres are P and Q. '

(i) 1. t the arc AB be = the ar¢c CD.
Join AB, CD.

To prove that the chord AB is equal to
the chord CD.

Proof. Join PA, QC.

Apply the © CDF to the GABE, turning the former
in the direction of the arrow-head, so that the centre Q
may coincide with the centre P and QC may fall upon FA.

Then, since QC = PA, the pt. C must coincide with
dhe pt. A. ‘
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Since the Os have now become concentric and they
have equal radii, <he two O* coincide everywhere.
Hence the arc CD falls upon the arc AB; and conse-
quently, since the arcs are equal, the pt. D coincides with
*he pt. B.

Hence the chord CD coincides with the chord AB and
'is . equal to it. Q. E. D.

(ii) Let the chord AB be = the chord CD.

To prove that the minor arc ABis equal
to the minor arc CD, and the major arc
AEB is equal to the major arc CFD.

L 7

N /

Proof. Join PA, PB, QC, QD.

Since PA, PB, AB are respectively =QC, QD, CD,
therefore the two As PAB and QCD are congruent.

Hence the 2 APB =the 2 CQD.

Now, apply the © CDF to the © ABE, turning the
former in the direction of the arrow-head, so that the

centre Q@ may coincide with the centre P, and QC may
fall upon PA.

.. Then, since th- 4 CQD=the ZAPB, QD will fall
upon PB.
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Hence, since QC=PA and QD =PB, the pts. C and D
'must coincide with the pts. A and B respectively.

L ]
Also, since the two (Os have now become concentrie
and they have equal radii, the two O coincide every-
where.

Hence the arvc CD entirely coincides with the arc AB
and is .. equal to it.

Also the arc CFD entirely coincides with the arc AEB
is .. equal to it. Q. E.D.
Cor. 1. If in the same circle ABE, the arc OB be equal to the are
HK, then the chord AB is equal to the chord HK.

Let CDF be an equal O having its centre at Q, and let
‘the are CD be = the arc AB (or the ar¢ HK). €learly
then the chord AB=the chord HK, because each of them

=the chord CD.

'Cor. 2. Ifin the same circle ABE, the chord AB be equal to the
chord HX, then the minor arc AB is equal to the minor aro HK, and the
-major arc AEB is equal to the major arc HEK.

Let CDF be an egual O having its centre at Q, and
let the chord CD be =the chord AB (or the chord HK).
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Clarly then the minor arc AB =the minor arc HK,
because each of them =the minor arc CD. Also the
major arc AEB =the major arc HEK, because each of
them = the majot arc CFD.

Cor. 3. Inequal circles, segments which have equal arcs are equal ;
also, segments which have equal chords and which arc both greater than
or both less than a semi-circle, are equal.

For, if the © CDF be s0 applied to the ©® ABE that
the arc CD coincides with the arc AB, then the segment
CD entirely coincides with the segment AB and is .
equal to it. Again, if the chord CD be =the chord AB,
the © CDF may be so applied to the © ABE that the-
arc CD coincides with the arc AB and the arc CFD with
the arc AEB. Hcence the segment CD entirely coincides
with the segment AB and is .. equal to it; also the
segment CFD entirely coincides with the segment AEB.
and is % equal to it.

Cor. +. IfCbe the middle point P
of the chord AB of an arc AEB, / N
and if CD be drawn perpendicular

to AB meeting the arc in D, then D

is the middle point of the arc AEB.
Since DC produced isa
diameter of the © of which X 5

AEB ig an are, the arcs DA and DB are clearly bhoth less
than the scmi-O™ of the ©. Now, if DA and DB be
joined, the two As ACD and BCD are evidently con-
gruent ; whence DA=DB, and ." the arc DA =the arc DB.
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Theorem 6. (Euvc. III. 14.)

Equal chords of a circle are equidistant from the
centre.

Conversely, choids which are equidistant from the
centre are equal.

D\F_/D

Let AB and CD be two chords of a O of which the
cendre is O.

Let OE, OF be the Ls from O upon ABand CD;
then OE, OF are respectively the distances of AB and
CD from O. ,

(it 1f AB be=CD, to prove that OE =OF.

~ Proof. Join OB, OD.

Since OE is L to AB, .. AE=EB; (Th. 1.)

and - EB=3% AB.

Similarly, FD=3% CD.

Hence, EB=FD.

Now, in the rt. angled As OEB, OFD, we have

(1) the hypotenuse OB =the hypotenuse OD,
and (2) EB=FD;
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. the two At are congruent.
Hence, OE = OF. Q. E.D.
(i) If OE be =OF to prove that AB=CD.

Proof. Join OB, OD.
In the rt. angled As OEB, OFD, we have

(1) the hypotenuse OB = the hypotenuse OD,

and (2) OE=O0OF;
.’ the two As are congruent, .
Hence, EB=FD. N ()

™ow, OE being L to AB, E is the mid-pt. of AB ;
AB=2EB.
Similarly, CD = 2FD.
Hence, from (), AB=CD. Q. E. D.

Cor. The middle points of equal chords of a cirvle lie on the oiroum-
farence of a concentric cirele.

For , the distances of the middle points of the chords
from the centre of the © are respetively the .8 upon the
chords from the centre, and are .’. equal to one another,

Note. Itiseasy to see that OE? +EB*=0F*+FD?!. Hence
if OE be> OF, we have EB<FD and .. AB < CD; also, if OE,
be, <OF; we have EB> FD and .. AB>CD. Thus, of any two
chords in a circle, that which is nearer to the centre is the greater;
and conversely, that which is greater is nearer to the centre than
the other. It is also clear, that OB is> EB. Ience the diameter
through B and  any diameter is>AB ; and similarly, the diameter
through D and .. any diameter is> CD. Thus of all chordsin a
circle the greatest is any that passes through the centre.
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EXERCISE (21).

1. A, B, C,ste three points on the circumference of a
circle of which the centre is O. If* the angle AOC be
three times the angle AOB, prove that thearc AC is also
three times the arc AB.

2. P and Q are two points on the circnmference of a
circle of which the centre is O. If the 4POQ= 120°,
prove thut the arc PQ is one-third of the whole circamfer-

*.ence, and that the chord PQ is a side of an equilateral
iriangle inscribed in the circle.

Henge construct an equilateral triangle with its vertices
on the mrcumfererme of a circle whose radius is 2 inches.

, 3.* If AB and CD are twg diameters of a circle, per-
" pendicular to each other, prove that the quadrilateral
ACBD is both equllateral and equiangular.

4. 1If a regular hexagon be inscribed in a circle
prove that each side of the figure is equal to a radius
of the circle.

5. 1f two equal circles intersect so that the centre of
ome circle is on the circumference of the other, prove that
one-third of each circumference lies within the other.

6., AB, AC, AD are three chords of a circle, taken in
order, AB being a diamieter. Prove that AB is greater
than AC and AC is greater than AD. Prove also that the
.chord AD is more distant from the centre than AC.

7. O is the centre of a circle of which the radius is 2
inches, and A, B, C are three points each at a distance of
one inch from O. Construct the chords that are bisected
respectvely at A, B, C and prove that these chords are
equal to one another. Also verify this fact by actunal
megsurement.

13



194 MODERN GEOMETRY. [BOOK.

Theorem 7. (Euec. III. 18.)

The tangent at any point of a circlé is perpendicular
to the radius through the point.

7

Let P be any point on the O of a ® whose centre
is O ; join OP. .

To prove that the tangent at P is per-
pendicular to OP.

Proof. Let ST be a secant through P, cuttiné the
© agian at Q.
Join 0OQ. )
Since OQ = OP, .. the £0OPQ = the Z OQP.
Now, the Z OPS is the supplement of the ~ OPQ, l
and the / OQT is the supplement of the £ OQP. |

Hence the Z OPS = £ 0QT.

Let the secant ST be turned about the pt. P so that
the pt. Q moves along the arc QP and gradually approa-
ches P.

Then, in every position of the secant the Z OPS =
the 2 0OQT. ‘

Ultimately. when Q coincides with P, the secant ST
becomes the tangent at P ; and the ZOQT becomes the
£ OPT.
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Hence, when ST is the tangent at P, the £ OPS
L OPT ;

and these are adjacent angles ;

.~ OPis L to ST.

That is, the tangent at P is -L to OP. Q. E. D.
Cor. 1. There .cannot be more than one tangent to a circle at
any given point on jts cireumference.

Yor, if there were two tangents 1o a © at any given pt.
P on its O, each of them would be L to OP, and thus
there would be two L s to OP at P, which is impossible.
Cor. 2. Ifthrough any point,on a circle a straight line be drawn
perpendicular to the racuis to that poidt, it must be the tangent to the
circle at that point.

It PT' be drawn L to OP, PT' must coincide in direc-
tion with PT ; for, there would otherwise be two perpen-
diculars to OP at P, which is impossible.

Cor. 3. If from the point of contast of atangent to a oirole
o straight line be drawn pserpendicular to the tangent, it must pass
tifough the centre of the circle.

If PO’ be drawn L to PT. PO’ must coincide in direc-
tion with PO ; for, there would otherwisc be two per-
pendiculars to PT at P, which is impossible.

Cor. 4. If throughthe centre of a cirole a straight line be drawn
perpendicular to a tangent to the circle, it must meet the tangent at
the point of contact.

1t through O a straight line be drawn L to the tangent
SPT. it must coincide in direction with OP ; for, there
would otherwise be two prependiculars to SPT through
O, which is impossible.

Cor. 5, Every pointon a tangent to a circle exospt the point of
contact, is outside the circle.
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Let SPT be atangent to a © whose centre is O, the
pt. of contact being P.( Then, gince OP is & to ST, every
other point on ST, besides P, is at « greater distance from
O than OP, i.c., at a greater distance from O than the
radius of the © ; which proves the corollary.

Note. The proposition may also be proved as follows: The
straight line drawn from the centre of a circle to the middle point
of the chord-portion of a secant is alwuys perpendicular to tha
secant (Th. 1). When the secant hecomes a tangent, the chord-
portion hecomes reduced to the mere point of contact, and so the
middle point of the chord-portion too becomes identical with the
point of contact. Hence the straight live drawn from the centre to
the point of contact of a tangent (which may be regarded as the
straight line drawn from the centre to the middle poiut of the
chord-portion of the tangent) is prependicular to the tangent.
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Theorem 8.

If two tanfents to a circle mget at a point, the
portions of the tangents intercepted between the point
and the circle ure equal, they subtend equal angles at the
centre of the circle, and they are also equally inclined to

the straight line drawn from the point to the centre of
the circle,

Let EAC and FBD be two trngents to a © whose
centre is O, the points of contact being A and B respec-
tively. Let the tangents meet at the point P.

Join OA, OB, OP.
To prove that PA = PB.
the ZAOP = the 2 BOP.

and the ZAPO = the BPO.

Proof. Since OA and OB are the radii drawn to the
pts. of contact, the tangents PAC and PBD are respec
tively L to OA and OB. (Th. 7))

Hence the Zs OAP, OBP are rt. £33,

i
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Now, in the rt.-angled As OAP, OBP, we have
(1) The hypotenuse OP common,
and (2) OA =0B;
. The two traingles are congruent.

Hence, PA = PB,
the £ AOP = the £ BOP,
and the Z APO= the £ BPO. Q. K. D.

Note 1. When atangert is drawn to a circle from a joint
outside it, the portion of the tangent intercepted between the point «ud
the circle is often spo’zen of as the fangent drawn from the point in
the circle. Hence, Theorem 8 may also be enunciated as {ollows :
“The two tangents drawn to a circle from an external point are
equal and subtend equal angles at the centre of the circle, and
they are also &ec.”

Note 2. If ABis joined, the line AB is called the chord of
contact of the tangents from P to the circle.
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Theorem 9. (Euc. III. 11 AND 12))

If two circles touch the point ofcontact lies on the
straight line through the centres.

T \J

Fig.1. S « Fig. 2,

Let the ®g¢ whose centres are O and O touch at
the pt. P.

To prove that O, O' and P are in the
same str. line.

Proof. The two ©Os have a common tangent at P.
(See 1., Art. 22, Note 4.)
Let TPS be the common tangent 3 join OP, O'P.
Then OP, O'P being radii drawn to the pt. of contact,
each of the £ s TPO, TPO isa rt. 2. (Th. 7.)
Hence in fig. (1), O' is on the line joining PO ;

and in fig, (2), O’ is on OP produced. Thus, in both the
cases, the three pts. O, O', P are in one str. line. Q. E. D.
Cor. 1. If two wociroles touch each other internally, every point

on the oircle of smaller radius. exsept the point of contaot lies inside
eht other oirole.
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Let the Os whose centres ;
are O and O’ touch each /
other internally at P, the

A
/4 \
second O being of smaller / \
radius. Then O, O, P _k
o

are in one str. line and PK
OP > O'P. Take any pt. A,
other than the pt. P, on

the © of smaller radius :
join OA, O'A. Now, OA is —

less than the sum of OO’ and O'A, and is .". less than OP.
Thus the distance of A from the centre of the first © is
less than its radius and .. A is inside the first ©; which
proves the corollary.

Cor. 2. If two circles touch each other externally, every pointon
sither circle, except the point of contact, lies outside the other.

Lot the Os whose centres are O and O’ touch each other
externally at P Then O, O', P are in one str. line. Take
any pt. A, other than the pt. P, on the second © ; join
OA, O'A. Now, OA+0O'A >00' but O'A=0'P; .. OA
>OP. Thus the distance of A from the cenire of the
first © is greater than its radius,and .. A is oul side the
first © ; which proves that every pt. on the secend ©,

0
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except P, ig outside the first. Similarly, every pt. on the

first © ; excep# P, is outside the second.
.
Note 1. The wain proposition may also be proved as follows:

If two circles cut each other in two points, their centres and the
mid-pt. of the common chord le in one str. line : (Th. 2.). When the
circles touch, the two pts. of intersection coincide; the common
chord, therefore, becomes reduced to the mere pt. of contact, and.
consequently the mid-pt. of the chord also becomes identical with
the point of contact. Hence, when the circles touch, their centres
and the point of contact must lie in one str. line.

Note 2. |[f two circles have a common point on the line joining
their centres, the circles touch each other at that point.

For, if the circles intersect in twq distinet points, the line join-
ing the centres passes through the mid-pt. of the common chord
and never through one or other of the pts. of intersection,

Note 3. If two circies have the sam: tangent at @ common point
they touch each other at that point.

For, if the circles intersect in two distinet pts.. they cannot have
common tangent at either of those pts. they can only have a
common secant passing through the two pts. of intersection.
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EXERCISE (22).

1. If two circlesare concentrie, prove that any chord
of the outer circle which tonches the inner is bisected at
the point of contact.

2. If any number of equal circles touch a given
straight line on the same side of it, prove that their
centres all lie in one straight line.

3. If P be a point from which tangents are drawn
to a circle whose centre is O, prove that OP is the
perpendicular bisector of the chord of contact.

4. It any number of circles pass through the same
point and touch one anothér at that point, prove that their
centres all lie in one str. line.

5. If any number of circles touch cach of two
intersecting straight lines, prove that their centres all lie
in one straight line.

6. 1f a parallelogram be described about a circle,
prove that the sum of one pair of its opposite sides is
equal to that of the other pair. Hence prove that sny
two adjacent sides of the parallelogram are equal.

7. If a quadrilateral be such that the sum of one
pair of its opposite sides is equal to that of the other pair,
prove that a circle which touches any three sides of this
guadrilateral must also touch the fourth.

8. 1f three equal circles touch one anotherat P, Q. R,
prove that the tangents at P, Q, R meet at 4 point.
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Theorem 10. (Kuc. III. 20.)

The angle~which an arc of a circle subtends at the
centie is double that which is subténds at any point on
the remaining part of the circumference.

C

Fig! Fig.2

Let O be the centre of a © of which AB is an are,
and C i¢a pt. on the remaining part of the O
Join OA, OB, CA, CB.
To prove that the . AOB = twice the
<L ACB.
Proof. Join CO and produce it to any pt D.
Since OB=0C, .. the £0CB = the £0BC.
Hence, the 2 DOB = the ~ OCB+the £0BC
= twice the £ OCB.
Similarly, the 2 AOD = twice the £ OCA.
Hence, in fig. (1),
the £ DOB + the /. AOD =twice the £ 0OCB +
twice the £ OCA,
(.., the £ AOB = twice the £ ACB,
and in fig. (2),
the £ DOB minus the 4 AOD = twice the ZOCB
mirus twice the £ OCA,
i.e., the £ AOB = twice ihe £ ACB. Q. E. D.
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Note. If the arc AB be equal to the semi-circumference of the
circle, the / AOB becomes a straight-angle ; and if the arc AB be
greater than the semi-circumference, then the "/ AOB becomes
a reflex angle. The same proof will hold for these two cases as for
fig. (1).

Cor. 1. In equal circles (or in the same circle), arcs which subtend
equal anglas at the circumferences (or circumference) are equal.

Let O, O be the centres of two equal Os. If the arcs
AB and CD subtend equal Zs AEB, CFD at the O™,
then they also subtend equal /8 at the centres, (because
the ~s AOB, CO'D are respectively doubles of the < s
AEB, CFD); and .. the arc AB=thc arc CD. (Th. 4.)

1f in the same O, the ares AB and GH subtend equal
£s AEB, GKH at the C, then they also subtend equal
£ s at the centre, (for the Zs AOB, GOH are respectively
doubles of the Zs AER, GKH); and .. the arc AB=
the arc GH. (Th. 4. Cor. 1.)

Cor. 2. Inequalcircles (or in the some girole), angles at the circum-
ferances (or ciroumfarence) which stand on equal arcs are equal.
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In the preceding diagram, if the arc AB be = the arc
CD, then the 2+AOB=the £ CO'D, (Th. 4); and .. the
£ AEB =the Z CFD, because these Zs are respectively
halves of the Zs AOB, CO'D.

Again, if the arc AB be = the arc GH, then the
£ AOB = the £ GOH, (7% 4, Cor. 2); and .. the
Z AEB =the £ GKH, hecause these Zs are respectively
halves of the £ AOB, GOH.
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Theorem 11. (REuc. III 21.)

Angles in the same segment of a circle are equal.

Let APB be any Z inthe segment ACB of the ©
whose centre is O. Let AQB be any other / in the same
segment.

To prove that the 2~ APB = the / AQB.

Proof. Join OA, OB.

The arc AB of the © subtends the ZAOB at the

centre, and the Z APB at the pt. P on the remaining
part of the O ;

<. the £ APB=half the £ AOB. (Th. 10.)
Similarly, the £ AQB =half the £ AOB.
Hence, the £ APB=the £ AQB. Q. E. D.

Note. In the second circle of the preceding figure, the segment
ACB being less than a semi-circle, the angle AOB s a reflex angle.
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Theorem 12.
If the line j;Jining two points subtends equal angles

at two other points on the same side of it, the four points.
lie on a circle.

T.et Cand D be two pts. on the same side of the str.
line AB, and let the 2~ ACB be =the £ ADB.

To provethat the four points A,B,C, D lie
on the circumference of a circle.

Proof. A ® will pass through any three of the
four pts. (Th. 3.)

Hence, all that is required is to prove that the © pass-
ing through three of the pts. will also pass through the
remaining pl.

If the © passing through A, B, C do not also pass
through D, then it will cut AD or AD produced at some
pt. E.

Join EB.

Now, the <5 ACB and AEB being in the same
segment,
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the £ ACB=the £ AEB.
But the Z ACB=the £ ADB ; (Hyv.)
. the Z AEB =the £ ADB, which is impossible.

Hence the © passing through A, B, C must also pass
«through D. Q. E. D,
Cor. Triangles standing on the same base, and on the same side of
it, with equal vertical angles, have their vertices on the ocircumference
of acirele of which the given base is a chord.

Let AB be the common base, and C, D, E, F, &¢., the
vertices of the As ; then, since the £ ACB=the £ ADB,
the ©® passing through A, B, C also passes through D.
Similarly, the @ passing through A, B, Calso passes
through E ; and so on. Thus the pts. D, E, F, &ec.. all lie
on the © that passes through the pts. A, B, C; whwh
proves the corollary.

Note. The fore-going corollary and Theorem 11 are converse
propositions. For, the corollary may be stated in a slightly altered
form, thus :—

If triangles standing on the same base and on the same side of it,

have equal vertical angles, then their vertices lie on the aro of a seg.
ment of whioh the given base is the chord ;j whilst Theorem 11 may
also be enunciated as follows :—

If triangles standing on the same base, and on the same side of it,
have their vertices on the arc of a segment of which the given base is
the ohord, their vertical angles are sgual.
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EXERCISE (23).

1. ABCDisa circle of which the.centre is O. 1f the
sum of the angles ADB, BDC be equal to one right angle,
prove that the points A, O, C lie in one straight line.

2. Ifin a circle two ares be such that they subtend
complementary angles at the circainference, prove that
the two arcs are together equal to half the circumference
of the circle.

3. 1If the chords AB, CD of a circle intersect at right
angles, prove that the sum of the arcs AC, BD is equal to
half the circumference of the cirgle.

4. P is any point within a circle of which the centre
is O. 1f AB. CD be any two chords passing through P,
prove that the angle APC ix equal to half the sum of the
angles AOC, BOD.

5. AB, CD are itwo chords of a circle such that when
produced they mecet at P. 1f O is the centre of the circle,
prove that the angle APC, is equal to half the difference
between theangles AOC, BOT.

8. AB is the common chord of two equal circles. If
any straight line drawn through B meet the circumferen-
ces in P and Q, prove that the triangle PAQ is isosceles.

7. Two given circles intersect in the points A and B.
1f {wo straight lines pass through B of which oune meets
the circumferences in P and Q and the other in M and N,
prove that PQ and MN subtend equal angles at A.

8. ABC isa triangle and D, E, F are the middle
points of the sides opposite to A, B, C. If M be the foot

14
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of the perpendicular from A upon BC, prove that cach of
the angles FDE, FME is equal to the augle BAC ; and
hence prove that a ¢ircle will pass through the four points
D,E F, M.

9. ABCD is acircle. The bisectors of the angles.
CAB, CBA meet at P, and the bisectors of the angles
DAB, DBA meet at Q. Prove that the four points A, Q,
P, B lie on the circumference of the :ame circle.
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Theorem 13. (Euc. IIIL 31.)

The angle in a semi-circle is ariaht angle; the angle
in a segment greater than a semi-circle is less than a
right angle; and the angle in a segment less than a
semi-circle isgreater than a right angle,

Fig! Fig2 Fig.3

Let AB be a diameter of a © of which the centre is O.

(i) Let APB be any Z in the semi-® APB, asin
fig. (i).

To prove that the 2 APB is a right angle.

Proof. The semi-O" ADB subtends the stratght
angle AOB at the centre. and the Z APB at the pt. P on
the remaining part of the O

. the Z APB =half the str. ZAPB (rh. 10.)
=half of two rt. £s.
=one right angle. Q. E. D.

tii) Let AC be a chord of the O, as in fig. (2).

Then the segment ABC is > a semi-O ; let AQC be
any Z in this segment.

To prove that the <AQC islessthan a
right angle.

Proof. Join OC.
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The £ AQC =halfjthe £ AQC, (Th. 10.)
But the Z AOC is < twort. L5 ;
.. the £ AQC is <one right angle. Q. E..D.

(iii) Let AC be a chord of the @, as in fig. (3).
Then the segment ARC is <a semi-Q® ;
let ARC be any Zin this segment.

To prove that the £ ARC is greater than
art.angle.

. Proof. Join OC.

The arc ABC subtends the reflec £ AOC at the centre.
and Z ARC at the pt. R on the remaining part of the
©,

o the Z ARC =half the retlex £ AOC. (Th. 19.)

But the reflex £ AOC is > two rt. £ s
- the £ ARC_is > one right angle. Q. E. D.

Note. From the first part of this proposition we deduce the
construction of a tangent to a circle from any point outside it.

Let P be a point
outside the © whose
centre is O, Join OP,
and let the 9 on OP
as diameter cut the
given circle at A and
B: join OA. OB,
AP, BP. Then the
ZOAP being in a
semi-&), 1s a right
angle. Thus AP iy
L to the radius O

and . AP is a tangent to thegiven ©. " (Th.7, Cor. 2y
Similarly BP is a tangent to the given @. 4
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Cor. 1. If a ohora AB of a circle
subtends a right angle at the point C on C
circumference, then AB is a diameter
ef the circle. B
If AB be not a diameter of A
the ©, let a different chord AD
be the diameter through the pt.
A, as in the accompanying dia-
gram.
Join CD. Then the £ ACD, being in a semi-Q©, is a rt,
/. and .. equal to the £ ACB, whichis impossible. Hence
AD is not a diameter; and similarly, no other chord
through A, different from AB, can be a diameter. Hence
AB is the diameter through A.

Cor.. 2. If astraight line AB subtends a right cngla at any point C,
then (he circle described on’AB as diameter passes through C,

-=cv If the @ does not pass' threugh \
C. let it cut ACor AC produc(:i. 2

at fcrre pt. D. asin the accom-
panying diagram. Join DB. Then?
the Z ADB, being in semi-©.is g
a 1. £, and .. equal to the

/ ACB, which is impossible.
Hence th « O must pass
through C.
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Theorem 14. (Evuc. III, 22.)

The opposite angles of any quadrilateral mscr:bed in
a circle are supplementary.

D

Let ABCD be a quadrilateral inscribed in a ® whose
centre is O.,
To prove that (1) the LABC+the LADC=
two right angles.
and (i) the zBAD+the 4BCD = twe right
angles.
Proof. Join OA, OC.
The arc ABC subtends the £ AOC at the centre, and
the < ADC at the pt. D on the remaining part of the O™ ;
the £ ADC = half the £ AOC. (Th. 10.)
Again, the arc-ADC subtends the reflex £ AOC at the
centre, and the £ ABC at the pt. B on the remaining part
of the O“. »
the £ ABC = half the reflex £ AOC, (Th. 10.)
Hence, the £ ADC +the Z ABC =half the sum of the
£ AOC and the réflex £ AOC.
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= half of four right angles
= two right angles.

Similarly, the £ BAD + the £ BCPD =tiwo right angles.
Cor. 1. If the side ABof a
quadrilateral ABCD inscribed
in acircle be produced to E, the
angls EBC s equal to the
angle ADC.

The Z EBC is supple-
mentary to the ZABC;
.also the Z ADC is supple- A
mentary to the £ ABC- \-/9 ¥
Hence. the+ZEBC=the )
£ ADC.

Cor. 2. Ifacircle passes through the angular points of a paral-
lelogram. the parallelogram must be a rectangle.

D

Let a © pass through the

angular pts. of the par-. ABCD.
The £ A is = the £C /
(opp. Zsof @ par™) ; A B

also, the sum of the ¢s A
and C is two rt. £ s. because the
quadl. ABCD is inscribed in
a ©O. Hence, each of the Zs A o ¢
and C isart. Z,which proves
'the corollary.

Note. A quadrilateral is said to be cyciic when a circle can
pass through its angular points. Four or more points are said to
‘be concyclic when a circle can pass through them all. Three or

more points are said to be collinear when they lie in one straight
line.
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Theorem 15.

If two opposite angles of a quadrilateral are supple-
mentary, a circle can be described through its angular
points.

—F

Let the £s B and D of the quadl. ABCD be toge-
ther equal to two rt. £s.

To prove that the four points A,B,C, D
are concyclic.

Proof. A ® will pass through the pts. A, B, C. If
this © does not pass through D, let it cut AD or AD
produced at some pt. E. Join EC.

Now, the quadl. ABCE being cyclic, the £ AEC is
the supplement of the Z~ ABC ; ’

and the Z ADC is also the supplement of the Z ABC.
(Hyy.)

. the Z AEC=the Z ADC, which is impossible.
Hence the ©® which passes through A, B, C must also
pass through D. Q. E. D.
Note. It may be obscrved that if the £s B and D are supple-
mentary the Zs A and C arc also supplementary, because the four

angles of a quadrilateral are together equal to four right angles.
Cor. If, when the side AB of a quadrilateral ABCD js produged:
to E the angle EBC be equal to the angle ADC. then the four points.

A, B, C, D are concyclic.



111.] THEOREMS. 217

EXERCISE (24).

1. Two circles intersectat A and B. 1f AP and AQ are
diameters, prove that the three poirits P, B, Q are collinear.

2. ABC is atriangle, and the circle described on AB
as diameter cuts BC at D. Prove that the circle described
on AC as diameter also passes through D,

3. Circles are described on the sides of a quadrilateral
as diameters. Prove that the common chord of two of
these circles which are adjacent is paralle]l to the common
chord of the other two.

4. If atriangle is inscribed in a circle, prove that the
sum of the angles in the three segments exterior to the
triangle is equal to four right angles.

5. [If a guadrilateral is inscribed in a circle, prove that
the sum of the angles in the four segments exterior to the
quadrilateral is equal to six right angles. .

6. ABC is a triangle, and D is the middle point of
BC. If BP. CQ be drawn perpendicu’ar to AC, AB res-
pectively. prove that the perpendicular bisector of PQ will
pass through D. Trove also that the triangles ABC and
APQ are equiangular.

7. 1In the figure of the preceding example prove that
the angle BCQ is equal to the angle BPQ.

8. Prove that the straight lines, which bisect any
angle of a quadrilateral inscribed in a circle and the oppo-
site exterior angle, mneet on the circumference of the circle.

9. A quadrilateral is inscribed in a circle. If the
bisectors of two of its opposite angles meet the circle in P
and Q, prove that PQ is a diameter.

10. Prove that the four straight lines, bisecting the-
angles of any quadrilateral, form a cyclic quadrilateral,
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Theorem 186. (Evc. 1II. 32.)

If a straight line tguch a circle, and from the point of
contact a chord be drawn, the angles which this chord
makes with the tangent are respectively equal to the
angles in the alternate segments.

~ Let the straight line AB {ouch the (OPCD at the point
P ; and let PC be a chord drawn through P, dividing the
© into the segments CDP and CEP.

To prove that the ZCPA =the angle in
the segment CDP, and the 2CPB=the angle
in the segment CEP.

Proof. In the arc CEP take a point Q closc to P;
join PQ and produce it to R. Join CQ, DC, DP.

Now, the quadl. PQCD being cyclic, the Z CQR =the
£, CPD; (Th. 14, Cor. 1.)

‘and this equality holds good however close to P the
point' Q may be taken. '
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Suppose the secant PR to be turned about P, so that Q
moves towards P; then, nltimately, when Q coincides with
P, the £ CQR becomes the £ CPA, -

Hence the £ CPA=the £ CDP.
By similar construction and reasoning, the Z CPB =the
angle in the segment CEP. Q. E. D.
Alternative Proof.
Draw the diameter PF through P. Join FC, CE, EP.

The 4 PCF, being in a scmi-
QO.isartt £:

Hence, the ZCFP <+ tne
/Z FPC = onert. £ ;

also, since FP passes through
the centre. .. the ZFPA isx a

Tt. angle. (Th. 7)
the ZFPA =the £ CFP

8
+ the ZFPC.

Hence, taking away the common £ FPC, the Z CPA=
the £ CFP.

Again, the quadl. PECF being cyelic', the £ CEP isthe
gupplement of the ZCFP;

also, the Z CPB is the supplement of the Z CPA.,
But, supplements of equal Z s are equal;

» the ZCPB = the £ CEP. Q. E. D.

‘Cor. If PDCis atriangle, and if through P "a straight line PA
‘b8 drawn on the side of PC remote from D such that the angle CPA
is squal to the angle CDP, then PA is the tangent at P to the cir-
oum-girele of the triangle PDC.
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If PA’ be the tangent
to the circum-circle at P.
then the LCPAE = the

£ CDP ; but the Z CDP = the

£ CPA. (Hyp.)

the 24 CPA’ = the
/L. CPA ; hence PA' and
PA coincide, 7.c., PA is the

tangent at P to the circle

FDC.
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Note. We can apply this propesi ion to construct on a given
straight line AB a seym-nt of a circle containing an angle equal to a

given angle C.

Make the £BAD
= the /C. Let the
perpendicular  bisec-

tor of AB and the c
perpendicular to AD
through A meect at O.

Join OB. Since O

is on the _L bisector

of AB, .. OA= 0B,

o

Hence the () described with O as centre and OA as radius

will pas¢ through B.

Now, since AD is _t to the radius OA.

AD touches the © at A,

(Th. 71, Cor. 2)

Hence the £ in the segment AFB = the £ZBAD = the £C.

Thus, AF B is the required segment.
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Theorem 17. (Evc. III 35 AND 36.)

If two chords of a circle intersect either inside or
outside the circle, the rectangle contained by the parts
of the one is equal to the rectangle contained by the
parts of the other.

Let the chords AB. CD of the © whose centre is O
intersect inside or outside the ©® at P.

To prove that AP.PB = CP.PD.
Proof. Let OH be the L from O upon AB.
Join OP, OA.
Since OH is + to AB, .. AH=HB. (7h. 1)
(i) When P is inside the ©, as in fig. (1),
OA?-0P? = AH?+HO" - (PH? + HO?)
= AH?-PH?
= (AH+ PH)AH = PH) (Th. 12, Bk. II.)
= (AH +PH)(BH - PH)
= AP. PB;
and similarly, OC?-OP? = CP.PD.
Hence, since OA? = QC2, we have AP.PB=CP.PD.
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(ii) When P ig outside the ©, as in fig. (2),
OP? -0A? = (PH?+ HO?)-(AH? + HO?)
= PH? - AH?
= (PH+AH)PH-AH) - (Th. 12, Bk, IL).
= (PH + AH)(PH - HB)
= AP.PB;
and similarly, OP* —OC? = CP.PD.

Hence, since OA? = OC?, we have
AP.PB = PCPD. Q. E. D.

Cor. 1. If from any point P without a circle two straight lines.
be drawn, one of which cuts ths circle in B and A, and the other-
touches it at T, then,PA.PB = PT?. ‘

Let the secant
PDC cut the ©
in D and C.
Suppose PC to
be turned about
P in the direc-
tion of the arrow-
head, so that the
pts. C and D continually approach each other.

In every position of the secant PC, we have PA.PB
= PC.PD; hence, ultimate]y, when the pts. C and D
coincide at T and the secant PDC becomes the tangent
PT, we must have PA.PB = PT2 ‘

Note. Hence it follows that jftwo oircles out each: other in two.
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points, the tangents drawn to the circles from any point on the com-

mon chord produceg’ are squal,

The above figure explains itself. We have PSY=PT?, hecause:
each of them=PA, PB; ., PS=PT.

Cor. 2. If from any point P without a circle two straight lines be:
drawn, one cutting the circle in B and A and the other meeting it at T,.
so that PA. PB=PT?, then PT touches the circle at T.

. /—\B o,

If PT do not touch the ©® at T, let PT produced cut
the © again in some other pt. S. Then, PT. PS=PA, PB,
and .. PT. PS=PT?2, which is impossible.

Hence PT touches the © at T.
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Cor. 3. Iftwo straight lines AB and CD, or both of them produced,
interseot at P, so that AP, PB=CP, PD, then the four points A, B,

C,.D are concyclic.

A' A/-\B |

A O will pass through the pis: A, B. C. If this O do
‘not pass through D, Jet it cat CD or CD produced at E,
Then we must have AP. PB=CP. PE,and .. CP. PD
=CP. PE, which is impossible. Hence the © that passes

through A, B, C must also pass through D.
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EXERCISE (25).

1. P is tke middle point of an are APB of a circle.
Prove that the tangent at P is parallel to the chord AB,

2. If an equilateral triangle be inscribed in a circle,
prove that the tangents at its angular points will form
another equiiateral triungle.

8. Two circles intersect at A and B; and through P,
any point on the circumference of one of them, str. lines
PAC, PBD are drawn to cut the other © at C and D.
Prove that CD is || to the tangent at P.

4. ABC is a triangle right-angled at C ; and from C
a perpendicular CD is drawn to° the hypotenuse. Prove
that the square on CD is equal to the rectangle AD. DB.

5. C(Qonstruct a triangle, having given the base, the
vertical angle, and the length of the str. line drawn from
the vertex to the middle pt. of the base.

8. If two circles intersect, prove that their common
chord produced bisects their common tangent.

7. Two Os touch each other exiernally. Prove that
any str. line drawn through the pt. of contact cuts off
gimilar segments from the two Os.

8. ABC is a triangle, and DE is drawn parallel to
BC cutting the sides in D and E. Prove that the circles
circumscribed about the triangles ADE and ABC have a
common tangent at A.

9. ABC is a triangle; and BE, CFare the perpendi-
culars from B and C upon thie opposite sides, intersecting
each other at O. Prove that (i) BO.OE =CO.OF, (ii)
AB.AF = AC.AE.

15
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10. AB is the common’chord of two given circles;
and through any point in AB two chords: are drawn, one
in each circle. Prove that the four extremities of these
ghords all lie on the circumference of a circle.

11. ABC is iriangle right-angled at C, and CD is the

perpendicular from C upon the hypoteruse. Prove that
AB. AD= AC?, '



SECTION III.
- PROBLEMS!®

Problem 1. (Evc. 1V. 2.)

In a given circle to inscribe a triangle equiangular
to a given triangle.

Let O be the centre of the given ©, and ABC the
given A.

It is required to inscribe in the circle
(O) a triangle equiangular to the triangle
ABC.

Cons. Take any radins OD, and through D draw
TS L to OD: then TS is the tangent at D.

Draw the chord DE making the £ TDE =the £ ACB;
and draw the chord DF making the Z SDF = the £ ABC.
Join EF.

Then DEF is the reqd. A.
Proof. Since TS touches the © at D,

the £ TDE = the £ DFE, in the alt. segment ;
and the £SDF = the £ DEF, in the alt. segment.
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Hence the 2 DFE =the < ACB, }
and the ZLDEF =the Z ABC;

. the remaining Z EDF = the remaining 2 BAC.

Thug, the ADEF inscribed in the given ® is equi-
angular to the AABC, Q. E. F.

Note To inscribe an equilateral triangle in a given cirele, all
that we have to do is to construct an cquilateral triangle outside
the civele and then inseribe in the eivele a triangle equiangular to
the triangle coustructed, in the manner indicated above. In this
cage therefore, cach of the angles TDE and SDF would be equal
to an angle of an equilateral triaugle, i.e. equal to one-third of two
right angles.
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Problem 2. (Kuc. IV. 3)

About a giu'en circle to circumscgibe a triangle equi.
angular to a given triangle.

Q 4 R

l.et O be the centre of the given ©, and ABC the
given A.

It is required to circumscribe about
the circle (O) a trirngle equiangular to
the triangle ABC.

Cons. Produce BC both ways to D and E.
Take any radius OF of the ©.

Draw the rading OG making the ZFOG=the ZABD;
and draw the radius OH making the Z FOH =the £ ACE.

Draw tangents to the © at the pts. F, G, H, forming
the APQR.
Then PQR is the reqd. A.

Proof. The /s OFQ and OGQ heing rt. Zs, the
remaining Zs FOG and GQF of the quadl. OFQG are
supplementary.

Now, the £ ABC is the supplement of the £ ABD,
and the 24 GQF is the supplement of the ZFOG;
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~ but the ZABD =the £ FOG,
-~ the ZABC=the ZPQR. }
Similarly, the £ ACB=the £ PRQ.
». the remaining £ QPR =the remaining £ BAC.

Thus, the APQR circumscribed about the given © is
equiangular to the AABC. Q. K. k.

Note 1. To circumscribe an equilateral triangle about a given
circle, all that we have todo is to construct an equilateral triangle
outside the circle and then circumscribe about the circle a triangle
equiangular to the triangle constructed, in the manner indicated
above. In this case, therefore, each of the angles FOG, FOH
would be equal to the supplement of an angle of an equilateral
triangle, i.e., equal to two-thirds of two right angles.

Note 2. An equilateral triangle is evidently a regular figure of
three sides ; for an equilateral A is also equiangular. ence, from
Note to Problem 1 and Note 1 @bove, we Lnow how to construct a
regular figure of three sides inor about a given (&



II11.) PROBLEMS. 231

Problem 3.

To construct a circle passing through a given point
-and touching a gjven circle at a giveh point.

Let A be the given pt. outside the given ® whose
centre is O, and let P be the given pt. on the O of the
given ©.

It is required to describe a circle
passing through A and touching the given
circle at P.

Cons. Join AP; and draw the L bisector of AP
(Prob. 2, Bk. 1), meeting OP produced in C.

Then the © described with C as centre and CP as
radius, will be the reqd. ©.

Proof. TJoin CA.

BC Dbeing the L bisector of AP, CA =CP,

and .. the © described with C as centre and CP as
radius, will algo pass through A.

Also, since the two ©Os meet at P which is a pt. on the
line joining their centres, .. the Os touch each other at P.

(Th. 9, Note 2.)
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Hence, the © described with C as centre and CP as.
radius is the reqd. ©.

Note. The solution of the present problem is discovered in the
following manner :—A«gume a circle to be described passing through
A and also touching the given circle at P, and let C be its ceutre.
Then, since the circles touch each other at P, OP produced must
pass through C; also, since CA=CP, C must be on the perpendi-
cular bisector of AP, Hence Cis the pt. where tln, perpendicular
bisector of AP meets OP produced,

The process by which the solution of a problem is discovered is
called analysis: whilst the opposite process. that of giving the
necessary construction  and proving its correctness, is called
gynthesis.
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Problem 4.

T'o construct a circle, with a diven radius, touching
two given straight lines.

/B

o A

Let OA, OB be the two given str. lincs intersecting
at O, and let K be the given radius.

It is required to describe a circle
which shall touch OA and OB, and have a
radius equal to K.

Cons. Draw OE, the bisector of the £ AOB.

(Frob. 1. Bl. 1)

Draw OD 1 to OA, making it = K.

Through D, draw a str, line Il to OA meeting OE in C.

Draw CF, CG 1 to OA, OB respectively. Then the ©
described with C as centre and CF as radius will be the-
reqd. ©.

Proof. C being on the bisector of the Z AOB,

CF=CG. (Bk. I, Th. 26.)
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the ® described with C as centre and CF as

radius will also pass through G.
Sinze OA is L to th» ralius CF at F.
DA touchey the © at F.
Similarly, OB touches the ©® at G.

t

(Th. 7, Cor. 2.)

Thus, OA and OB are both tangents to the ©@. ... (1)

Again, since DF is a rectangle, by construction,

CF=D0O=K

@

Hence, from (1) and (2), the circle described with C as

centre and CF as radius is the reqd. ©.

Note. The following is the analysis of the problem =

Assume a ® to be des-
‘cribed touching OA and
OB at F and G respec-
tively, and Thaving ity
.radivs = K; and let C
be the centre of the (.
Join CF, CG. Then CF
and CG, being radii
-drawn to the pts. of con-
tact, are respectively |
‘to OA and OB. (Th. 7.
Now, since CF = CG,

C lies on the bisector of the ~ AOB.

A

(o}

(Bk. I, Th. 26) ;

and also since CF = K, . C lics on a str. line which is u to OA

and at a distance = K from it.

Hence, if these two lines be drawn,

‘the pt. where they intersect will be the centre of the reqd. circle.
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Problem 5. (Evc. 1IV. 4.)

. 1 M . » . 3
.To inscribe a circle in a given triapgle.

Let ABC be the given A.

It is required to describe a ©® Wwhich
-3hall touch the sides of the A ABC.

Cons. Draw the bisectors of the Zs Aand B, and
let them meet at O.

Draw OD, OE, OF L to BT, CA, AB respectively.

Then the © described with O as centre and OF as
radius will be the reqd. ©.

Proof. Since O is on the bisector of the Z A,

OF = OE. (Bk. 1. Th. 26.)
Algo. since O is on the bisector of the £ B,
s OF=0D.

Hence, the ® described with O as centre and OF as
r adius will also pass throuzh E and D.

) Again, since BC is -L to the radius OD at D,
.. BC touches the © at D. (Th. 7, Cor. 2.)
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Similarly, CA and AB touch the © at E and F res-
pectively. ‘

Hence the ®DEF is the reqd. ©.

Analysis :—Assume the reqd. © to be described with its centre at
0 and touching BC, CA, AB at D, E, F respectively, Join OD, OE,
OF. Then, since OD is the vadius drawn to the pt. of contact of the
tangent BC, . ODis L to BC, (Th.7); similarly, OE, OF are L
to CA, AB respectively. Now, since 0D = OF . Olies on the
bisector of the / B ; also, since OE = OF, .. O lies on the bisector
of the ZA. (Bk. 1. Th. 26). Hence, the pt. where these two
biseclors meet must be the centre of the required eircle.

Note. The circle inscribed in a triangle, the centre of the circle
and its radius are respectively called the in-circle, the in-centre and.
the in-radius of the triangle,
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Problem 6.

' To construct. a circle touching one side of a given
triangle and the other two sides produced.

Let ABC be the given A, and let the two sides AB,
AC be produced to H. K respectively.

It is required to describe a © touching
BC, BH and CK.

Cons. Draw the bisectors of the < s CBH and BCK,
and let them meet at P.

Draw PD, PF, PE L to BC, BH and CK respectively.

Then the ® described with P as centre and PD as
radiug will be the required ©.

Proof. Since P is on the bisector of the 2 CBH.

PD=PF. (BE. I. Th. 26.)
Also, since P is on the bisector of the £ BCK,
s PD=PE.

Hence, the ©® described with P as centre and PD as
radius will also pass through F and E.

Again, since BH is L to the radius PF at F.

. BH touches the © at F. (The 7, Cor. 2.)
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Similarly, BC and CK touch the © at D and E res-
pectively.

Hence the O DEF is the reqd. ©.

Note 1. The Analysis is left as an exercige for the student.

Note 2. Since PF = PE, the point P lies on the bigsectoriof
the £ A, (Bk. 1, Th. 26.)

Heuce, the bisector of one angle of a trig1gle and the bissctors of
the exterior angles at the other two vertices are goncurrent.

]

Note 3. The circle which tonches onc side of a triangle and,
the other two sides produced is called an eseribed circle of the
triangle. The centre of an escribed circle of a triangle is called an
ex-centre of the triangle,

Cor., If P, Q, R be the ex-centres of a A ABC opp. to
A, B, C respectxvely, then PA, QB, RC are respectively
1 to QR, RP, PQ. ©

<Let the bisectors !
of .the exterior K’
Ls at A,B, C
form the APQR,

ag in the adjoi-

ning  diagram,
Then P, Q, R are
the ex-centres of
thetriangle,
opposite to A, B,
C regpectively.

Join AP; then AP is the bisector of the 2 BAC. Now the
£ BAR =the ZCAQ, (being halves of vertically opp- Zs);
also the ZPAB=the ZPAC; hence the ZPAR=the
LPAQ, and .. PAis X1 to QR. Similarly QB is L to:
RP,and RC is 1 to PQ.
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Problem 7.

To construct a circle, with a given radius touching a
givencircle and a given straight lire,

Let the © =ith centre O be the given @, AB the
given str. line, and K the given radius.

It is required to describe a circlé
which shall touch the circle (O) asiwell’
as the straight line AB, andhave a radius
=K, ‘

Cone. Draw OD L to AB, and from DO cut off
DE =K ; through E draw EH | to AB.

Take a radius OQ of the given ® and produce it to N,
making QN =K. Then ON is the sum of the radii of
the given and the required Os.

With O as centre and ON as radius describe an arc
cutting EH at C.

Join OC cutting the given O at P, and draw CF L
to AB. ' _

Then the © described with C as centre and CP as
radius will be the reqd. ©.
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Proof. Since OC=ON, of which OP =0Q,
s CP=NQ=K;
algo, since DC is 2 rectangle, Iy constr\;ction.
CF=ED=K.
Hence CP=CF ; and .. the © described with C as
.contre and CP as radius will also pass through F.
Now, since the two s meet at P which is apt. on
the line joining the centres.
~.  the Os touch each other at P. (1'%, 9, Note. 2.)
Also, since AB is L to the radius CF at F,
AB touches the ©® at F. (Th. 7. Cor, 2.)
Thus the ® PFG toﬁches both the given © and the
given str. line, and has its radins = K,
. this is the required ©. Q. E. F.

Note 1. The ecircle deseribed with O as centre and ON as
radius will also cut HE produced at some pt. With that point
as centre another (&) may be constructed satisfying the conditions
of the problem. This isleft as an exercise for the student.

Note 2. TIf the reqd. © is assumed to be drawn, it is easy to
see that the distamee of its centre from O is equal to the sum of
the radii, and the distance from AB=K. Hence follows the
construction.
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Problem 8.

To construct a circle touching a giuen circle and also
touching a given straight line at a given point,

Let AB be the given str. line and D the given pt. in it,
and let the © with centre O be the given ©.

It is required 10 describ® a circle
touching the circle (0) and also touching
AB at D.

Cons. Draw OG L to AB cutting the © atF,
and produce GO to meet the O in E.

(i) Join ED cutting the ® at P; join OP.

Through D draw a perpendicular to AB, meeting OP
produced in C.

Then the (©® described with C as centre and CP as
radius will be the reqd. ©.

16
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Proof Since EG and CD are both L to AB,
they are .
and .. the £ OEP = the ZCDP;
also, the £ OPE = the £ CPD. (Vertically opp.Ls.)
But the 2 OEP = the £ OPE,
(*~ OP = OE),
. the £CDP= the £CPD,
and .. CP= CD.

Hence the © described with C as centre and CP as
radius will also pass through D.

Again, since the two Os nieet at P which is on theline
joining the centres, - the ()8 touch each other at P;
(Th. 9, Note. 2.)
also, since AB is - to the radius CD at D,
AB touches the ® at D. (Th. 7, Cor. 2.)
Thus, the © PDH touches the given ©, and also
touches the given str. line at the given pt. D
.. this is the reqd. ©. Q. E. F.
(ii) Join DF and produce it to meet the © at P; P.
Join PO, v
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Through D draw a L to AB, meeting PO produced in C.

Then the '® described with C as centre and CP as
radius will be the required ©.

[The proof is left as an exercise for the student.)

Note “1. Let the required circle be assumed to be drawn, as in
the first diagram ; let C be its centre and P the pt. where it touches
the given @. Then OC passes through P, and CD is | to AB.

~Join DP and produce it to meet the given © in E; join EO. Now, it
is easily scen that the LCDE=the ZOED; .. EO i¥'|| CD, and
.. EO produced cuts AB at rt. /8. We thus find that the pt. of
contact of the two Os lies on the line DE, where OE is that radius
of the given (© which, when produced through O, cuts AB at rt. £s.
The position of P being known,shat of C is found at once, for it
lics on OP produced and also on the L to AB through D.

Note 2. Let the reqd. circle be assumed to be drawn, as in the
sccond diagram ; let € be its centre and P the pt. where it touches
the given ©. Then CO produced passes through P, and CD is |
to AB. Join DP cutting the given © at F; join OF. Now, it is
casily scen that the £CDP = the LOFP; .. OF is [l to CD, and
.. OF produced cuts AB at rt. £Zs. We thus find that the pt. of
contact of the two ®s lies on the line DF produced, where OF is
that radius of the given © which, when produced through F, cuts
AB at rt. Zs. The position of P being known that of C is found
at once, for it lies on PO produced and also ou the | to AB
through D,
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Problem 9.

To construct a circle passing through two given points
and touching a given straight line.

T P )

Let A, B be the two given pts. and CD the given
str. line.

It is required to describe a circle pass-
ing through A and B, and also touching
the line CD.

Join AB. Then AB is either | to CD ; or meets CD
when produced.

(i) Let ABbe || to CD.
Cons. Draw the -L bisector of AB meeting CD in P.

Then the © passing through the pts. A, B, P will be
the reqd. ©.

Proof. Join PA, PB.
Now, P being on the L bisector of AB, PA = PB,

and .. the ZPBA = the £ PAB.
Since AB is | to CD, . the 2 CPA = the Z PAB.
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Hence, the L CPA = the 2 PBA, in the alt. segment ;

.. CP touches the ® at P. (Th. 16, Cor.)
Hence ABP is the reqd. ©. Q. E. F.
(ii) Let BA produced meet CD in H.

B '
A
C— P D ¢

Cons. Find a str. line EF the square on which is
equal in area to the rect. BH. HA, (BFk. 11, Prob. 38.)

From HO cut off HP=EF.

Then the ® passing through the pts. A, B, P will be
the reqd. ©.

Proof. Since HP? = HA. HB,
. HP touches the © at P. (T'he 17, Cor. 2.)

Hence ABP is the reqd. ©. Q. E. F.

Note. HP may as well be cut off from HC produced. Thus there
are two s satisfying the given conditions.
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Problem. 10.

To construct a circle passing through two given points
and touching a given eircle.

Let A, B bethe two given pts. and let the @ with
centre O be the given ©.

It isrequired to describe a circle pass-
ing through A and B8, and also touching
the circle (0).

Join AB and draw FC, the -L bisector of AB.

Then, FC may pass through O or may not.

(i) Let FC not pass through O.

Cons. With any pt. Con FC as centre, and CA
or CB ag radius, describe a © cutting the given @ in D
and E. Join DE and produce it to meet AB produced in H.

Draw HP to touch the given ® at P.  (7h. 13, Note.)

Construct a © through the pts. A, B, P; then this will

be the reqd. ©.
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Proof. Since the chords AB, DE of the ® ABD
intersect in H, .
HA.HB=HD.HE. (Th. 17.)
Again, since HP touches the given © at P and HD
-cuts it in D and E,
HP? = HD. HE. (7Th. 17, Cor. 1.)
Hence, HA. HB = HP?,
and .. HP touches the ® ABP at P. (7. 17, Cor. 2.
Now, the ©® ABP and the given © have a common
tangent at P,

. the two Os touch each other at P. (Z'h. 9, Note 3.
Hence the ©® ABP is the regd. O. Q. E. F.)
(Similarly, if the other tangent HQ to the given © be

drawn, it may be proved as above that the © through A,
‘B, Q is another @ satisfying the given conditions.]

(ii) Let FC pass through O.

»
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Cons. Let FO cut the given © at P.

Describe 2 © passing through the pts. A, B, P ; then
this will be the reqd’ ©.

Proof. Since FP isthe -L bisector of AB,
<. the centre of the © ABP lies in FP.

Hence, P is a pt. on the line joining the centres of the
two Osg;

and since the O3 meet at P;
they touch each other at P. (Ph. 9, Note 2.)
Hence the © ABP ig the reqd. ©. Q. E. F.

[ If FO be produced to meet the given O in Q, it may
be proved as above, that the © through ABQ is another
© satisfying the given conditions.)

Analysis :—.1ssume the required © to be drawn, touching the
given ® at P. Then the two ©s have a common tangent at P ; let
this tangent meet AB produced in H. . HP?=HA, HB, (Th. 17,
Cor. 1). Through Hlet any secant be drawn cutting the given ¢ in
E and D ; then HD, HE=HP?* (Th. 17, Cor. 1). Hence HA.HB
=HD. HE, which shows that the pts. A, B. E, D are concyclic
(Th. 17, Cor. 8). Hence, if a © be constructed passing through
A, Band also cutting the given © in two pts. D, E, then the pt. in
which DE intersects AB is also the pt. in which the common
tangent to the given and the reqd. @s interscets AB ; whence the
construction follows.
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If the common tangent at P be (to AB, it will not meet AB.
praduced.

Join PA, PB. Since PH is |l to AB, .". the ZHPB=the £LPBA ;
also the ZHPB=the £/ PAB, in the alt. segmcnt.

Hence the /. PBA=the /PAB, and .. PA=PB. Hence P is-
on the .1 bisector of AB. The centre C of the ©APB also lics on the
L bisector of AB. Hence both C and P lic on the | bisector of AB,
and ., PC produced bisects AB at rt. Zs. But CP produced also
passes through O. Ience OP produced bisects AB at rt. Zs. In this
case therefore the | bisector of AB passes through O and cuts the
given ® in the pt. av which the reqd.  touches it ; whence follows.
the construction.
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. Problem 11.
Todraw a common tangent to two. given circles.

Let ABC and DEF be two given Os whose centres are
‘O and P respectively, the radius of the first ©® being
greater than the radius of the second.

It is required to draw a common tan-
.gent to the ©s ABC and DEF.

Cons. Draw any radius OC of the © ABC.
(1) From CO cut off CG=the radius of the ® DEF.

With O as centre and OG as radius describe the
‘© GKH.

Draw PM, PN tangents to the © GKH. (7%. 13, Note.)

Join OM, ON and produce themn to meet the ® ABC
at Q, R respectively.

In the © DEF, draw the radius PS | to OQ, and the
radius PT | to OR.

Join QS, RT.

Then QS as well as RT are common tangents to the
©s ABC and DEF.
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Proof. Since PM touches the ©® GKH at M,
the £OMP isart. Z ; (Th. 7.)
and .. the ZPMQisalsoart. £."°

Now. 0Q=0C, and of these the parts OM, OG are
equal ; <. MQ=O0G.

Hence PS=MQ ; and PSis also | to MQ, by cons-
truction, .. PSQM ig a parallelogram. (Bl 1, Th, 22.

Also, since the £ PMQ of thiy parallelogram isart. /.
all its £ s are rt. £ g.
Thus, the £5 OQS and PSQ are rt. £ ;
QS is a tangent to the ® ABC as well as to the

ODEF. (Th. 7, Cor. 2.)
In the same way it may be proved that RT is a tangent
to both the given Os. Q.E. F.

(ii) From OC produced cut off CG = the radius of
‘the © DEF.

With O ag centre and OG as radius describe the
OGKH, ‘

Draw PM, PN tangents to the © GKH, (Th. 13, Note.)
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Join OM, ON cutting the OABC at Q and R
respectively.
In the ODEF, draw the radius PS | to MO, and the

radius PT f to NO.
Join QS, RT.

Then QS as well as RT are common tangents to the
(s ABC and DEF.

(The proof is left as an exercise for the student.].

Note 1. It is clear that there are four common tangents to two
given ©s, if the @s do not cut each other. A common tangent
whose pts. of contact are on the same side of the line joining the
centres is called a direct common tangent: whilst a common
tangent whose pts, of contact are on the opposite sides of the line
joining the centres is called @ transverse common tangent. We
have direot ecommon tangentsin the first dingram, and transverse
common tangents in the second.

Note 2. If the dircct common tangents be produced to meet
at V, then each of the pts. P and O ix equally distant from the
lines QV and RV, and .. both of them lic on the bisector of the-
ZQVR.

Hence OP produced passes through V. Thus, the direct common.
tangents to two given s and the ling joining their centres are
concurrent.

Note 3. In the second diagram, each of the pts. Pand O ix
equally distant from TR and Q3, and .., if TR and QS interscet
at W, both P and O lic on the biscctor of the Zs TWS and QWR.
Hence OP passes through W, Thus, the transverse common tangents.
to two given &8 intersect on the line joining their centres,
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Problem 12. (Evc.1V. 10)

To construct an isosceles triangleshaving each of the
angles at the base double of the vertical angle,

B—¢C

Cons. Take any str. line AB and divide it at D so
that AB. BD =AD?. (Bl IT. See. IV, Prop. 7.)

With A as centre and AB as radius describe the
QOHBK.

In this © place the chord BC=AD,
Join AC.
Then ABC is the A reqd.

Proof. Join CD, and circumscribe a ® about the
AADC.

Since BC2=AD?2, .. BC®*=AB. BD.

BC touches the ® ADC at C. (Th. 17, Cor. 2.)
Hence the £ BCD =the £ DAC, in the alt. segment.
Hence, the £ BDC=the £ BCA,

because eagch of them = the sum of the Zs DAC,
ACD,
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But the £ ABC=the £ BCA ;
(" ,AC=AB),
the £ ABC=the £ BDC.
Hence, DC = BC =DA;
and .. the ZDAC=the £ DCA.
Hence, DC is the bisector of the £ BCA,

and .. the ZBCA =twice the L-BCD

=twice the £ BAC.}
Hence the £ CBA also =twice the £ BAC.

Thus. ABC is the required A. Q. E. F.

Analysis :—Assume ABC tobea A such that each of its s B,
and C is double the Z A.

Let CD bisect the £C. Then the £BCD=4 th¢ £ BCA=thec

/ BAC. Heuce BC must touch the circum-® of the AADC at C.
(Th. 16, Cor.)

. BC*=AB.BD. The £ZDAC=the £DCA, (hecause each
of them is 4 the £ZBCA), .. DC=DA ; also, since the £BDC=
the sum of the/s DAC, DCA=twice the /DAC=the ZABC,
. BC=DC. Hence BC=DA, and .. AB. BD=AD? : which
determines the position of D. Then the position of C also is
determined, because the distance of C from A=AB, and its distauce
from B=DA. '

Note. Evidently 5 times the ZA=two rt. Zs. Hence the
LA=one-fifth of two rt. Zs, and .. each of the £s ABC, ACB=
two-fifths of two rt. Zs=one-fifth of four »t. /3.
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Problem 13. (Fuc.IV. 6 AxXD 7.)

) . .
To construct a regular figure of four sides in or about
a given circle,

w

D

Let the ® with centre O be the given @.

It is required to construct an equilate-
ral and equiangular quadrilateral in or
about the © (O).

Cons. Take any diameter AB, and draw the diame-
ter CD .L to AB.

(i) Join AC, CB, BD, DA.

Then ABCD isa regular quadl. inscribed in the given®.

Proof. The four Zsat C are equal, each of them
beinga rt. £;

the four arcs AC, CB, BD, DA are equal.
(Th. 4, Cor. 1.)

Hence the chords AC, CB, BD, DA are equal ;
- (I‘hh 5, 007'. 1~)
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t.e., the quadrilateral ACBD is equilateral.

Again, the Z ACB being in a semi-G)', isart. £ ; and
gimilarly, each of the £Zs at B, D, Aisarti, Z.

all the Zs of the quadl. are equal Thus the
quadl. ACBD is both equilateral and equiangular, and it
is also inscribed in the given ©.

(ii) Draw tangents to the © at A, C, B, D forming
the quadl. PQRS.

Then PQRS is a regular quadl.
-circumseribed about the Q c P
given O. ’
Proof. The ZsatA,C,
B,Dareallrt. Zs.(Th.7.)
Hence the ZOAP =
the 2 DOA; 8 o A
s PSislito CD. }
‘Similarly, QR is | to CD.

Hence PS, CD, QR J

t P .
are | to one another ; R = ¢

and similarly QP, BA, RS are || to one another.
Now, since BP is a par™.
PQ = AB;

:and similarly, QR = CD. }
PQ = QR.

Similarly, QR = RS, and RS = SP.
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Again, since CA ig a par"™.,
the £ APC = the LAOC = art, £ ;
gimilarly, each of the Zsat Q, R, 'S isart. £.
Hence the quadl. PQRS is also equiangular. Thus

the quadl. PQRS is both equilateral and equiangular.
and it is also circumscribed about the given ®. Q. E. F.

Note. 1t is easy to see that a regular quadrilateral is a square.
In the diagrams of Problem 13, each of the quadls. ACBD and
PQRS is a rectangle with adjacent sides equal, and is .. a square.

117
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Problem 14. (Evc.1V. 11 axp 12)

To construct a regular figure of five sides in or about
a given circle,

O
Let the © with centre O be the given ©.

It isrequired to construct an equilate-
ral and equiangular pentagon in or about
the circle (0).

Cons. Construct an isosceles A PQR having each
of the £ s at Q and R double of the Zat P. (Proh. 12.)

Draw any radius OA, and then draw the radius OB
making the £ AOB = the £ Q.

Now, successively draw the radii OC, OD, OE making
the £s BOC, COD, DOE each = the Z Q.

(i) Join AB, BC, CD, DE, EA. Then ABCDE is a
regular pentagon inscribed in the given @.

Proof. EKach of the £s at Q, R is one-fifth of four
rt. Z8. (Prob, 12, Nots.)

Hence each of the £Z8 AOB, BOC, COD, DOE is one-
fifth of four rt. Zs8;
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the ZEOA, which together with thoge four £s
makes up the four rt. Zgat O, must also be = one-fifth
of four rt. Zeg, ’
Thus the five Zs at O are equal ;
" the five arcs AB, BC, CD, DE; EA are equal. .
(Th. 4, Cor. 1-}“1
Henee the tive chords AB, BC, CD, DE, EA are equal.
(71 5, Cor. 1.)

The pentagon ABCDE is .". equilateral.
Again, the arc AEDC = the arc BAED ;
(**  each of them = 3 times the arc AB),
o the ZABC = the 2 BCD. (7h. 10, Cor. 2.)

Similarly, every two consecutive Zs of the pentagon
ave equal.

Hence the pentagon ABCDE is both equilateral and
equiangular, and it is also 7nscrided in the given ©.

(ii) Draw tangents to the © at A, B, C, D, E forming -
the pentagon HKLMN. Then HKLMN is a regular pen-
tagon circumscribed about the ©.

Proof. Join OH, OK.
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It may be proved, as before, that the five radii OA, OB,
OC, OD, OE divide the four rt. Zs at O into five equal

parts. .
Also the Zsat A, B,C, D, E arert. Zs. (Th. 7.)

Now, since the té.ngents AH, BH meet at H,

<. AH = BH,
the £ ACH the £ BOH, (7h.8.)

and the £ZOHA = the ZOHB.
Hence, the ZBOH = } the £ AOB, }
and the £ OHB = } the £ AHB.
Similarly, the 2 BOK = % the 2 BOC,
and the L OKB = 4 the 2 BKC. }

In the As OBH, OBK, we have
(¢} the £OBH = the £ OBK, (rte £.8.)

2 the ZBOH = the £ BOK. (halves of the
equal Zs AOB, BOC)

and (3) the side OB common ;
the two As are congruent: )
Hence BH = BK een ()

and the ZOHB = the LOKB ... . ... (B)
From (), HK = 2BH; and in the same way it
may be proved that NH = 2AH.

NH = HK, (" AH = BH),
similarly 'HK = KL, KL = LM, LM = MN, and
MN = NH. | .
Hence the pentagon HKLMN is equilateral.
From (B), halves of the £s AHB and BKC are cqual,
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o the ZAHB = the £ BKC;

similarly, 'every two consecutive Zs of the pentagon
are equal.

Hence the pentagon HKLMN is aljo equiangular.

Thus the penlagon HKLMN is both eqailateral and
equiangular, and it is also circumscribed about the
given ©.

QE. F

Note. An angle of an equilateral A is one-third of twoxt. /s,
and . one-sixth of four rt. Zs. Hence, the four rt. /s at the
centre of a (® may be divided into six equal paris, in the manner
exemplified in the present problem ; which enables us to construct
a regular figure of six sides inor about the cirele. This is left as
an exercise for the student.
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EXERCISE (26)

1. Construct a circle passing through ‘a given point
and touching a given straight line at a given point.

2. Uonstruct a ©®, with a given radius, passing
through two given ﬁts.

8. Construct a circle, with a given radius, which shall
touch a given straight line and pass through a given Jpoint.

4. Construct a circle, with a given radius, touching
two given circles.

5. Two parallel straiglit lines are cut by a third
straight line. E€onstruct a circle touching each of these
three straight lines.

6. Find the magnitude of the angle subtended at the
centre of a given circle by each of the sides of an ins-
cribed equilateral triangle. Hence shew how to cons-

_truct an equilateral triangle in a given cirele.

7. Prove that {angents drawn to a circle at the verti-
ces of an inscribed cquilateral triangle will form another
equilateral triangle. Hence, given a cirele, shew how to
construct an equilateral triangle about it.

8. Divide the circumference of a given circle intosix
equal parts. Prove that the chord joining any two conse-
cutive points of division is equal to the radius of the circle

O. CQonstruct a regular figure of six sides in a given
circle.

10. €onstruct a regular figure of six sides about a
given circle.

11. Construct an angle of 120°, and also an angle of
72°, and hence construct an angle of 24°,

12. Constract a regular figure of fifteen sides in a
given cirlce.




SECTION 1V.

MISCELLANEOUS PROPOSITIONS

L]
1. If two triangles standing on equal bases have
wertical angles that are either equal or supplementary
then their circum-circles are equal,

E

Let the As AEB, CFD standing on equal bases AB.
‘CD have their vertical Zs AEB, CFD supplementary.

Let P, Q be the centres of the Os circumseribed about
the As AEB, CFD respectively.

To prove that these two circles have
equal radil.

Proof. Join PA, PB, QC, QD,

Take any pt. H on the arc conjugate to the arc CFD.
Join CH, DH.

Then the é_Q_HD = the £ AEB,
each of them being supplementary to the 2 CFD ;
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the £CQD = the £ APB, (doubles of equal Zs).
Now, since the ZPAB = the 4 PBA, each of them
= % their sum = % the supplement of the Z APB ;
similarly, each of the Zs QCD, QDC
= } the supplement of the £ CQD.
Hence, each of the /s PAB, PBA = esach of the
4 s QCD, QDC.

El
Then the two isos. As PAB, QCD have their bases
equal, and also the £ s at the base of theone = the Z s at
the base of the other ;
. these two As are congruent. (Bk. I, Th. 18.)

Hence, each of the sides PA, PB = each of the sides
QC, QD.

Thusg, the radii of the two ©Os are equal; which proves
the proposition.

Note. It is obvious, from the foregoing demonstration, how to
deal with the case when the two triangles have their vertical angles
equal.

2. The perpendiculars drawn from the vertices of a
triangle to the opposite sides are concurrent.
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Let BE, CF be Ls to the sides CA, AB respectively
of the AABC ; and let them  intersectat O.

Join AO and produce it to meet BC at D.
To prove that AD is . to BC.
‘Proof. Join FE.
The 4s OFA, OEA are supplementary, each of them
being art. £ 3
‘. the quadl. AFOE is cyclic.
. the £ FAO = the ZEFO, in the same segment. (a)-
Again, the £ BFC = the £ BEC, each being art. £ ;
*. the four pts. B, F, E, C are concyelic, (Th. 12)
" the ZFEB = the £ FCB, in the same segment. ()
Hence, from (a) and (8),
the £ BAD = the £ BCF.

Now in the As BAD. BCF the £ at B is common,.
and the £ BAD = the £ BCF;

. the remaining £ ADB = the remaining £ CFB.
=art. £.

Hence, AD is L to BC. Q. E D.

Note 1. Foranalternative proof. see Book 1., Sec. VI1I, Prop. 3.

Note 2. The point of intersection of the perpendiculars from
the vertices of a triangle to the opposite sidesis called the ortho-
centre of the triangle. Thus, in the preceding diagram, the point
O is the ortho-centre of the triangle ABC.

Note 3. The triangle formed by joining the feet of the perpen-
diculars drawn from the vertices of any given triangle to the oppo-
site sides is called the pedal triangle of the given triangle . In the

preceding diagram, the triangle DEF is the pedal triangle of the-
triangle ABC.
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‘Cor. 1. If O js the ortho-centre of a triangle ABC, the circum-
oircles of the four triangles ABC. BOC, COA, AOB are squal to
one anothsr, o

In the precedipg diagram, the quadl. AFOE being
-cyclic, the £ FAE is supplementary to the Z FOE and is
.. supplementary to the 4 BOC. Thus. the As BAC,
BOC stand on the same base and have their vertical £s

-supplementary ;

.+ the circum-® of the ABOC is=1that of the A ABC
(Prop 1.). Similarly, the circum-® of each of the As COA,
AOB is=that of the AABC Hence the four circum-QOs

are equal to one another.

Cor. 2. If the perpendiculars
AD, BE, from the virtices
A, B, C ofa triangle tu the oppec-
site sides mes ot O and /f AD!'
BE, CF be produced to mest the
circum-circle of the triangle ABC
in P, Q, R respectively, then D,
E, Fare the mid-points of OP,
“0Q, OR respectively.

Join PC. Then the £ BCP =the 2 BAP=the £ BCF.

Now the As ODC, PDC are evidently congruent.
(Bk. I, Th. 18}

OD =DP. Similarly, OE =EQ and OF =FR.
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3. If Ois the in-centre of a triangle ABC, and if
AO, BO, CO be produced to meet the circum-circle in
‘P, Q. R respectively, then O js the drtho-centre of the
triangle PQR.

Proof. Let AP intersect RQ at D.
AB, BC, CA are tangents to the in-© of the AABC ;
AQO, BO, CO are the biseclors of the

Zs A, B, C. (7h. 8.)
Now, the 2 PRC=the ZPAC (Th. 11.)
=4 the LA

the ZCRQ=the Z(BQ=}1the 2 B;
and the £ RPA=the ZRCA=] the £ C.

Heunce, in the APRD, we have

the £ PRD+the £RPD=% the ZA+} the £B+}
the ZC=onert. £ ;

. the remaining ZPDR=one rt. £, and ... PA is
L to QR.

Similarly QB is .+ RP, and RCis L to PQ.
Hence, O is the ortho centre of the APQR. Q. E. D
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4; In an acute-angled taiangle the perpendiculars
drawn from the vertices to the opposite sides bisect the:
angles of the pedmal triangle,

Let O be the ortho-centre, and DEF the pedal A, of
the acute-angled AABC.

To prove that AD, BE. CF bisect the 28
D, E, Frespectively of the ADEF.
Proof. The £ ADB=the £ AEB, cachb-ing a rt.Z.
the quadl. AEDB is cyclic (Th .12.)
Hence, the £ EDC =the Z BAE ; (Th. 14, Cor. 1.)
and similarly, the Z FDB =the £ CAF.
‘. the LEDC=the ZFDB;
2d the whole £ ADC =the whole £ ADB.
the remaining Z ADE =the remaining £Z ADF.
Thus, AD bisects the £ EDF.

Similarly, BE and CF bisect the /g DEF and DFE
. respectively. ’ Q. E. D
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Note. The pedal triangle of an acute-angled triangleis evi-
‘dently one inscribed ,in that triangle; and it is also clear, from the
preceding diagram that the pedal triangle possesses the property
of having every two of its sides equally inclined to the side of the
given triangle on which they meet. That, of alPtriangles inscribed
in a given triangle, it is the pedal triangle alone that possesses this
property, can be proved as follows :—

Let the A PQR inscribed
in the acute-anglel AABC
be such that its sides RP, PQ
are equally inclined to BC,
the sides PQ, QR are equally
inclined to CA, and the sides
Q RPare equally inclined
to AB,as shewn in the accom-
panying diagram. Now, the g8 P } R
six £s marked at P, Q, R, to-
gether with the Zs at A, B, C make up siz rt. Zs ; hence, those siz
Ls are together =4 rt. Zs. Hence the three Zs AQR, ARQ and QPC
(one being taken from cach pair) are together=2rt. Zs ;and .. the
LQPC=the £ A, which shews that the quadl. ABPQ is cyclic. Simi-
larly, each of the quadls. BCQR and C ARP is cyclic. Hence. if AP,
BQ and CR be joined, it is casy to see that the ZAPQ=the ZABQ
=the ZRCQ=the ZAPR ; whence the / APC=the ZAPB ; and
& APis | to BC. Similarly BQis L to CA and CRis | to AB.
Hence the APQR is no other than the pedal triangle, Thus, of all
the As that can be inserib:d in the AABC, it is only the pedal A
that has the above property.

Cor. Of all triangles that can be inscribed in an acute-angled triangle,

the pedal triangle is that which has the least perimeter.
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A
@\
81__
S P —C

Let ABC be an acute-angled A ; then, of all the As
that can be inscribed in it, either the pedal A, o7 some one
of the others, must have the least perimeter. Let PQR be
any of the inscribed As other than the pedal A, as in the-
above diagram. Since PQR is not the pedal A, it
must have «i least one pair of sides that are not equally
inclined to that side of the AABC on which they mecet ;
let RP, PQ be that pair. Suppose then that S is the
pt. in BC such that RS, 8Q are equally inclined to it ;
then RS +8Q is <RP+PQ, (B I, Sec. VIII, Prop. 8.)
and .. the perimeter of the  ARSQ is < that of the
ARPQ. The A PQRis .. »not one having the least
perimeter. Hence, the A of minimum perimeter is clearly
no other than the pedal A ; or, which is the same thing, it
is the pedal A that has the minimum perimeter.

5. Two circles whose centres are O gznd P cut each
other at the points A and B ; then, of all the lines drawn
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through A or B and terminated by the two circum~
ferences, the groatest is that which is parallel to OP.

E
L &
c A D K
H N
~Nm
0 P F

Let HK be the line through A | to OP, and let EF be-
«ny other line through A, as in the above diagram.

To prove that HK is> EF.

Proof. Draw OC, PD L to HK; OL, PM L to
EF, and PN L to OL.

Since OC is L to HA,

. HA =2AC. (Th. 1.):
Similarly, AK =2AD ;
HK =2CD.
[n the same way, EF =2LM.}

Now CP and NM are evidently rectangles ;
. CD=0P, }
and LM=NP.
But, in thert. £d & OPN,
the hypotenuse OP > the side NP ;
CD > LM,and .« HK> EF. Q. E. D.
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6. O0fall triangles standing on the same base and
-having the:same vertical angle, the isesceles is that
which has the greatest area and the greatest perimeter.

Let the isos. AAPB sgtand on the base AB ; and let
AQB be any other /A on the same base, having the vertical
£ AQB=the £ APB.

(i) To prove that the area of the AAPB
is greater than the area of the AAQB.

Proof. Sincethe Z APB=the £ AQB,

.. the four pts. A, P, Q, B are concylic. (Th. 12.)

Let O be the centre of the<O passing through these
four points, and draw OC, QD L to AB.

Then OC is the L bisector of AB; (Th. 1,)
and since PA=PB, .. OC produced mnust pass
through P, ‘

Draw OH L to QD produced ; join OQ.



I11.) MISCELLANEOUS PROPOSITIONS. 273

Now, in the rt. Zd AOQH, the hypotenuse OQ>QH.
Hence OP > QH }
and, CH being a rectangle, CO = DH;
- PC > QD.
Now. the area of the AAPB = 4 the reet. AB. PC
and that of the AAQB =% the rect. AB. QD.
Hence the area of the AAPB > the area of the
AAQB.
(i) To prove that the perimeter of the
AAPB is greater than the perimeter of the
A AQB.

Proof. Produce AP to C making PC=PB, and AQ
to D making QD =QB.

Join CB, DB, CD.

Since :AP=PB=PC, .. the ® described on AC as
diameter will pass through B ;

s the ZABCisart. £.

Now, since PC=PB, . the ZPBC=the £ PCB,

and . the ZAPB=double the LACB ;

similarly, the Z AQB =double the '~ ADB.

Hence, the ZACB=the LADB;

and .. the quadl. ACDB is cyeclic. (Th. 12)

18
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Hence, the Z ADC=the £ ABC (Th, 11.)
=art. £.
Now, in the rt. 2 d AADC,
the hypotenuse AC> the side AD ;
AP +PB >AQ+QB.
Hence the perimeter of the AAPB is > the perimeter-
of the AAQB. Q. E. D.
7. O0f all triangles that can be inscribed in a given.
circle, that which has the greatest area or the greatest
perimeter is equilateral-

Let ABC be the given © of which the centre is O.

(i) To prove that of all the A8 that can
be inscribed in the © ABC, that which has-
the greatest area is equilateral.

Proof. The A which has the greatest area must be
either equilateral or non-equilateral.

Let ABC be any non-equilateral A inscribed in the-
given O.

It must then have af leas! one pair of unequal sides ;.
let AC, CB be that pair.
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Draw OD. to AB, and produce DO to meet the © in
P ; join PA, PB.

Now, PD is the L bisector of AB (Th. 1.)

PA=PB.

Hence, of the two As APB, A'CB which stand on
the same base AB and have equal vertical Zsg, the AAPB
is isosceles,.

Hence the area of the AAPB is > that of the AACB

(Last Prop.)
the AACB .". has not the maximum area.

Hence, the A of maximum area inscribed in the ® can
not be non-equilateral ; '

it must be equilateral.

(ii) To prove that of all the Asthat can
be inscribed in the © ABC, that which has
the greatest perimeter is equilateral.

{The Proof is similar to the above and is left as an
exercise for the student.)

8. P is any point outside a cirele of which the
centre js O ; PM, PN are tangents to the circle, and
MN the chord of contact. If OP intersects MN at R,
then OR. OP=0M?2,

Proof. Since the 25 OMP, CNP are supplement-
ary, each of them being art. £,
the quadl. OMPN ig cyclic. (Th. 15.)
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Hence, the £ OMN =the Z OPN (Th. 11)
=the £ OPM. (T'h. 8.)

Hence, OM touches at M the ® circumscribed about
the APMR; (Th. 16, Cor.)
- OR. OP=0M?2 (Th.17. Cor. 1.)

Note 1. PM being = PN (Th. ¥), the _L Lisector of MN passes
through P ; for a similar reason, the _L bisector of MN passes
through O. Hence OP is the _L bisector of MN. Thus, the chord
of oontact of tangents drawn to a cirele from an external point is
bisected perpendicularly by the line joining that point to the centre.

Note 2. 1If two poinlls are so related to a cirele that they lic in
astraight line passing through the centre, and the rectangle con-

“tained Dby their distances from the centre isequal to the square on
the radius, then each of these points is said to be the Inverse of the
other, with respect to the given circle. Thus, in the preceding
diagram. the points Rand P are a puir of inverse points with respect
to the circle whose centre is O and radins = OM.

Note 3. If A and B arc a pair of inverse pointis with respect to
a circle whose centre is P and radius = PQ (thatis, if P, A, B arc
collinenr and PA. PB=PQ?), and if through A a straight line HK
beldrawn L to the line PAB,
then the point B is said to be
the pole of the line HK, and
the line HK, is suid to be the
polar of the point B. Also,
if LM be drawn through B
perpendicular to the line PAB,
then Ais the pole of the line
LM, and the line LM is the
polar of the point A. Thus,
in the preceding diagram, the
point P ix the pole of the linc
MN, and MN is the polar of
the point P.
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Note 4. Two circles are said to be orthogosal, or to intersect
orthogonally, when the two tangents at either point of intersection
are perpendicular to each other. In thg dlagram on puge 275, M
18 i pt. of intersection of the given ® and the ® about the APMR;
also MP and MO, which are tle tangents at M to those two ©s,
respectively, are L to cach other.  Hence thd given (& and the @
about the APMR intersect orthogonally. Similarly, the given (9 and
the © aboul the APNR interscet othogonally.

O, O and P arethe centres of two given circles, the
line OP being grealer than the sum of their radii.
Divide OP into two parts such that the difference of the
squares on them may be equal to the difference of the
squares on the radii of the circles. If C be the point of
division, and if a sltraight line be drawn through C
perpendicular lo OP, prove that every point on this
straight line is such that tangents from it to the two
circles are equal,

8

(i) Let the @ with centre O have the large radius.
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Cons. Take a str. line DE =the radius of the circle
(0); on DE as diameter describe a ©,rand in it place
the chord EF = the radius of the circle (P) ; j»in DF,

Then the £ DFE, being in a semi-®,isart. Z ; and

we have DF? = DE?-EF?
= the difference of the sqg. on the radii.

Now, divide OP at C such that OC*-=CP? m y
be = DF?. (Bk, II, Sec. IV. Prop. 4.)

Then C is the reqd. pt.

(ii) Let AB be the str. line drawn through C L to OP ;
on AB take any pt. K.

Let KS and KT be tangents to the ®Os (O)and (P)
respectively.

To prove that KS = KT.

Proof. Join OS, PT, OK, PK,

Then the £8 OSK and PTK are right. (Th. 7.y
Now, OK? = OC”+CK2.}
and PK? = PC2+CK?>.
OK?~PK? = 0C* - PC?
~ DF?
= 08?- PT?
Hence, OK? - 08? = PK2- PT™.
Hence, KS? = KT?, and .- KS = KT. Q. E.D.

Note 1. The str. line AB, which has the property proved above,
is callad the radical axis of the two given ciroles.

Note 2. From Note to Cor. 1, Th. 17, itis clear that when
two circles intersect, their common secant satisfies the condition of
the radical axis, obviously with the exception of that portion which
forms the common chord of the two circles.
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10 The distance of each vertex of a triangle from
the or. o-centre is double the distance of the circum-
.centre from the' opposite side.

A
B VD
s

Let O be the ortho-centre of the A ABC; AD, BE, CF
‘being the Lg from A, B, C on the opposite sides.
Let S be the circum-centre of the A ABC, and A',B".C’
‘the mid-pts. of the sides opposite to A, B, C respectively.
Then SA’, SB’, SC' are -Ls respeclively to BC, CA, AB.
(Th. 1))
To prove that AO=2SA’, BO=2SB’, CO=2S8C".
Proof. SA' is | to AD, because both of them are
L toBC;
Similarly, SB' is || to BE, and SC'isf to CF. Let
‘L, M, N be the mid-pts. of AO, BO, CO respectively.
Join LB/, LC".
Now, B'L passes through the mid-pts. of CA and OA ;
B'L is |l to CO and .. to SC’ ;}
_similarly, C'Lis| to BO and .- to 8B’
Hence the quadl. SL is a par™. ;
. 8B =CL =1} BO,}
and SC' = B'L = § CO,
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Similarly, by joining MC’, MA’, (o NA’, NB’), it can
be shewn that SA’= +A0. ‘ Q. E. D.

Note. If Ois the ortho-cenire of any given A ABC, the follow-
ing constructions for the circum-centre should be carefully noted.
Through A’, the mid-{wt, of the side opp. to A, draw A'S || to, and in
the same sense as, OA ; make A’'S=} OA. Then S is the circum-
centre of the given A.
Cor. 1. If O is the ortho-centre of any triangle ABC, then the
circum-cireles of the four triangles ABC, BOC, COA, AOB ars

aqual to one another,

It‘ is easy to see that the
pts- A, B, C are the ortho-
centres of the As BOC,
COA, AOB respectively.
Let S be the circum-centre
of the A ABC, and A’ the
‘mid-pt. of BC. Then SA
is | to AO and = AO. Al
Produce SA’ to P, making V
AP = SA" (or 3}A0);
then P is the circum-centre of the ABOC. Join SA,PO.
Now, SP is equal and [[to AO; .". the quadl. SO is a par".
Hence, SA = PO. Thus, the circum-Os of the As ABC,
BOC, having equal radii, are equal to one another.

Similarly, the circum-Os of the Ag COA, AOB are
each =the circum-® of the AABC.
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Cor. 2. The circum-centrs, the centroid and the ortho-centre of a:
triangle are collinear.,

Let S be the circum- A
centre, and O the ortho-
centre, of the AABC ; and H
let A’ be the mid-pt. of the
gide BC. Join SA’and SO ; G o
also join AA’ cutting OS \
in G. Let H, K be the mid- g c
pts. of AG and OG res- D A
pectively ; join HK. Now
HK is | to AO and=% AO ; .~ HK is equal and | to SA’,
and .. the quadl. HKA’'S is a par". (Bl. I, Th. 22). But
the diagonals of a par". bisect each other; .. A'G = GH
= % AG. Hence, G is the centroid of the A ABC, and it
lies on the line SO ; which proves the corollary.

11. If perpendiculars be drawn to the sides of a
triangle from.any point on the circum-circle, then the
feet of these perpendiculars lie in one straight line.

E
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From any pt. P on the circum-© of the A ABC, let
PD, PE, PF be drawn Lg to BC, CA, AB respectively.

Join DF, FE. '

To prove that DF, FE are in one str. line.

Proof. Joip PA, PB.

Since the ZPDB = the 4 PFB, each beingart. £,
‘the quadl. PFDB is cyclic.

Algso, since the £ s PEA and PFA are supplementary,
-each being a rt. £, the quadl. PFAE is eyclic.  (Th. 15.)

Now, the quadl. PBCA being cyclic, the £ PBC = the

L PAE ; (Th? 14, Cor. 1.)
and, the quadl. PFAE being cyclic, the Z PAE = the
£ PFE. (Th. 11.)

Hence, the 2 FBD = the £ PFE.

But, the quadl. PFDB being cyclic, the £ s PBD and
PFD are supplementary; -« the Zs PFE and PFD are
supplementary, and .. DF, FE are in one str. line. Q. E.D.

Note. The line DFE is called the pedal line of the point P
-with respect to the triangle ABC.

12. The circum-circles of the four triangles formed
by four given straight lines,of which no twoare parallel,
.have one point common to them all.

F
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Let the four str. lines AB, DC, AD, BC form the four
.As ABF, DCF,sADE, BCE. C is one pt. of intersection
of the Os DCF, BCF ; let their secondl pt. of intersection
be P.

To prove that P is a pt. on the ©®ABF and
also on the ® ADE.

Proof. Join CP, BP, DP.

The quadl. BCPE being cyclic, the A PBE = the
LPCE; - (Th. 11.)

and the quadl. DCPF being cyclic. the 2 PCE = the
/ PFD. (Zh. 14, Cor. 1.)

Hence, the £ PBE = the 4 PFA,

and .. the quadl. ABPF is cyclic. (Th. 15, Cor.)
Thus, P is a pt. on the ® ABF.

In the same way, it can be shewn that P is a pt. on
the ©® ADE.

Note 1. /f the four given siraight lines are such that the quadl.
ABCD s cyclic, then the three pts, F, P, E are collinear,

For, in that case, the ZFPC = /CDA = the ZCBE ; .. the
48 FPC and EPC are together = the Zs CBE and EPC = two
rt. £s8. Hence, FP and PE arc in the sume str. line.

Note 2. /If from P the 1 s PH, PK, PL, PM be drawn to the lines
ABE, DCE, BCF, ADF respectively, then the jour pts. H, K L, M
are collinear. Since P is apt. on the circum-w of the ABCE,
and PH, PK, PL are the |s from P on the sides of a triangle, ..
the three pts. H, K, L lie in one str. line, (Prop. 12). Similarly,
the thres pts. K. L, M are in one str. line. Thus, the str. line that
passes through K and L also passes throungh H and M ; which
-ghews that all the four pts. lie in one str. line.
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13. The line joining the ortho-centre O of a triangle
ABC to any. point P on the circum-cirtle is bisected by
the pedal line of P with respect to the triangle.

‘

F
A
V,
B\
G

In the above diagram, let DEF bo the pedal line of
that pt. P.

To prove that OP is bisected by the line
DEF.

Proof. Produce AO to meet BC in L and the ® in G.
Join PG, cutting BC at H, and the pedal line at K.

Join OH, PC. The line AOL is L to BC ;
OL = LG. (Prop. 2, Cor. 2.)-

Hence the As OLH, GLH are congruent ;
and .. the £ LHG = the ZLHO.
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Now, the quadl. PEDC being cyclic,
the £ EDH = the ZEPC
= the complement of the / PCA
= the complement of the Z PGA
the ZLHG
the ZLHO;

1]

. DF is | to HO.
Again, the ZKDH

the £LGH (Proved albove)
= the ZKHD ;}
the £ KDP = the Z KPD.
Hence, KH = KD = KP.
Thus, K is the mid-pt. of the side PH of the A OPH,
and the line DKF is || to the side HO ;
the side OP ig bisected by the line DEF. Q.E.D.

14. If triangles standing on the same base,on the
same side of it, have equal vertical angles, then their
in-centres lie on the circumference of a circle whose
centre is a known point on the perpendicular bisector of
the given base.
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(i) Let BAC be one of the As standing on the given
base BC and having a given vertical £. ‘

Let P be the mid-pt. of the arc BHC of the circumn-©-
BAC ; join PA.

Then the £ FAB = the LPAC; {T'h. 10, Cor. 2.)
.~ the in-centre of the ABAC lies on PA. (Prob. 5.)
Let | be the in-centre; join BY, Cl.

AB, BC, CA being tangents to the in-©, Bl, Cl are-
the bisectors of the £ s B, C respectively. (7h. 8.)

Join PB, PC.
Now, the /. PBC = the ZPAC = the £1AB;

the £PBl = the £1AB + the ZIBA
= the £ BIP.
Hence, Pl = PB; and similarly,
Pl = PC.
Thus PB = Pl = PC. ... (o)

(ii) Let D be the vertex of any other A standing on
the base BC, on the same side of it as A, and having the
vartical £ BDC = the £ BAC.

Then the pt. D must be on the arc BAC of the cir-

cum-© of the ABAC, (Th. 12)
Hence, if I’ be the in-centre of the ABDC, it can be
shewn, as before, that PI' = PB, (B)

Hence, from (a) and (B), if a ® be described with P as
centre and PB or PC as radius, it will pass through the
in-centres of all the As of which the ABAC is one.

Now, since PB = PC, the pt. P is evidently on the .L.
bisector of BC;
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Thus, P is the pt. where the -L bisector of BC meets.
the arc BHC of the common circum-Q of the As consi-
dered, and is .*. a known pt. Q. E. D,

Note. It should be carefully obscrved thut if the base and the
vertical angle of a triangle be given, the triangle admits of various
positions. Considering the positious on one side of the base only, it
is clear that whatever may be the position, the circum-circle is the
same ; for, the circle that passes through the extremities of the base
and ore position of the vertex, also passes through every other posi-
tion of the vertex. Hence, when the base and the vertical angle of
a tricngle are given, we may say that the circum-circle is fized (i.e.
not different for different positions of the triangle); and .. the
circam-centre is fized and the circum-radiusis of ¢constant magnitude.

15. In any triangle, the middle points of the sides,
the feet of the perpendiculars from the vertices on the
opposite sides, and the middle points of the lines joining:
the ortho-centre to the vertices are concyclic.

C

In the above diagram, O is the ortho-centre and S the
cireum-centre of the AABC; A’, B, C’ are the mid-pts. of
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the sides opp. to A, B, C; AD. BE, CF are the -Ls from
A, B, C on the opp. sides; and G, H, K ace the mid-pts.
of the lines OA, OB| OC.

To prove that the nine points A.B,C’, D
E,F,G, H K are concyclic.
Proof. Join SA, SA’, SO and GA’ cuttiné SO at N,
Now, SA’is | to AOQ and = § AO;
SA’ is equal and | to GO.

Hence G, O, A', S are the consecutive angu'ar pts of a
parallelogran. (Bk. I, Th. 24.

Hence GA” and OS bisect each other at N.

Thus GA’ is bisected at the mid-pt. of OS; and
similarly, HB and KC' arc each bisected at (he mid-pt.
of OS.

Now, GDA’ beingart. Z, the @ described on GA’ as

diameter passes through D. (Th. 13, Cor. 2.)
ND = NG = NA' each of them being a radius of
this ©. '
Again, since SA’ is equal and Il to AG,

SA = A'G. (BF. I, Th. 22.)
Hence, if R stands for “the circum-radius of the A
ABC,”
we have ND = NG = NA’ = }R. (SA being R.)
Similarly,NE = NH NB' = {;R,}
and NF = NK = NC’ = }R.

Thus, the nine pts. D, G, A", E,H, B, F, K, C' are
each ata distance =4 R from N, the mid-pt, of OS;
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and .'. they all lie on the O of the © whose cenire is
the mid-pt. of O6 and radius = 3 R.

N

Note. The circle passing through the mid-points of the sides of
a triangle ia called the Nine-point cirele of the triangle, from its
property of passing through nine particular ])(.);il)tb' conmected with
the triangle. The centre of the nine-point circle may also be con-
veniently called the “nine-point centre.”

-

Cor. 1. The nine-point cirels of each of “the. triangles BOC, COA,
AOB is the same as that of the triang/e ABC,

Cor 2. If Pis any point on the
eircum-circle of thetriangle ABC,
the mid-point of OP is on the nine
point eircle.

If L is the mid-pt. of
OP, join NL. Then NL is | o0
to SP, and = § SP = } R.
Thus NL is = a radius of
‘the nine-pt. ©, and .. the
pt. L lies on that ©.

A

w

O

<
4

‘Cor. 3. Giuen the base and the vertical angle of a triangle, as
the triangle changes its position the centre of the nine-point circle
moves along the circumgference of o circle whose centre is the mid-
point of the given base.

In the figure of the proposition, suppose XBC to be
any other position of the triangle, the base BC remaining
fixed and the vertical Z BXC being = the £ BAC. Then
X must be on the arc BAC of the circum-® of the A
ABC. Now, if N’ Dbe the nine pt. centre of the AXBC,
we must Have N’A"=53SX=3SA. Thus, N and N’ are both
at the same distance from A’; which proves the corollary.

19
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168. Given the base and the vertical angle of a triangle,.
prove that, as the triangle changes it$ position, (i) the
ortho-centre moves along the circumference of a circle of
which the centre.is a known point on the perpendicular
bisector of the given base, and (ii) the centroid also moves
along the circumference of another circle of which the-
centre is a known point on the same bisector.

7 .
0
S
& 5 \JA' /C
L

(i) Let ABC be a A standing on the given base BG
and having its vertical £ of the given magnitude.

Let AD be the L on BC, O the ortho-centre, S the
circum-centre, and A’ the mid-pt. of BC.

Join SA’ and produce it to P making AP = SA";
join SA, PO.
Now, SA’is | to AO and = 4 AO;
SP is equal and |l to AO.
Hence, PO = SA. (Bk. I Th. 22y
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Let XBC be any other position of the A, the base BC
remaining fixed and the vertical £ZBXC being = the

£ BAC. ,

Then X must be on the are BAC of the cirnum-©® of
the A ABC.

Now, if O’ be the ortho-centre of the A XBC, it can be
shewn, as before, that PO’ =8X.

Thus, PO = PO’ (each of them being=SA), which
shews that O and O are on the O of a ® of which the
centre is the pt. P and the radins = SA.

Also, since A'P=SA’, P is obviously a known pt. on
the L bisector of BC.

(ii) Let ABC be a A standing on the given base BC
and having the vertical £ BAC of the given magnitude.

Let A’ be the mid-pt. of BC, and G the centroid ; then
Gis a pt. on AA’ such that AA'=3GA".

Let S be the circum-centre ; join SA’, SA.
Draw GQ Il to AS, meeting SA’ in Q.
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Now, since AS is  to GQ and AA =3A'G,

AS=36Q. (Bl I. See. VIII, Prop. 5.)
GQ=14AS.

Let XBC be arly other position of the A, the base BC
remaining fixed and the vertical £ZBXC being=the
£/ BAC.

The X must be on the arc ABC of the circum-® of
the A ABC.

Now, if G’ be the centroid of the A XBC, it can be
shewn, as before, that G'Q =3XS.

Thus, GQ = G'Q ( each of them being = 3SA), which
shews that G and G" are on the O ofa © of which the
centre is the pt. Q, and the radius =4SA.

Also, since QA'=3SA", Q is obviously a known pt. on
the L bisector of BC.
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EXERCISE (27).

1. Shew that the middle points of the chords of a
‘ . .
circle which pass through a -given point all lie on the
circumference of another circle.

2. 1If a quadrilateral be circumscril‘)ed about a given
circle, prove that the sum of any pair of opposite sides is
equal to the sum of the other pair. Hence prove that any
parallelogram circumscribed about a circle is a rhombus.

3. Prove that the triangle formed by joining the three
points in which the in-circle of a triangle meets the sides,
is acute-angled.

4. The diagonals AC, BD of a parallelogram ABCD
intersect at O, Shew that the circum-circles of the tri-
angles AOB, COD touch each other at O.

O. Shew that the greatest quadrilateral that can be
inscribed in a circle is a square,

6. On the sides BC, CA, AB of a given triangle ABC,
any three points D, E, F respectively are taken. Prove
that the circum-circles of the triangles EAF, FBD, DCE
meet in a point.

7. If the in-circle of a triangle ABC touches the sides
BC, CA, AB at D, E, F respectively, prove that BC +AF
=CA + BD = AB + CE = the semi-primeter of the
triangle ABC.

8. With the vertices A, B, C of a triangle as centres
congstruct three circles each of which shall tcuch the other
two.

9. Prove that the sum of any three alternate angles of
a hexagon inscribed in a circle is equal to four right
angles.
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10. AB is the common chord of two circles, and P is
any point on the circumference of one of them so that the
s raight lines PAQ, PBR mest the circumference of the
other in Q and R. Prove that the arc QR is of the same
magnilude for different positions of P.

11. The opposite sides of a cyclic quadrilateral are
praoduced to meetin P and Q, and about the triangles so
formed without the quadri'ateral circles are described,
which meet in R. Prove that the points P, R, Q are
collinear.

12. ABC is a triangle ; BCA', CAB’, ABC' are
equilateral triangles so that the points (A, A", (B, B'),
(C. C') are on opposite sides of BC, CA, AB respectively.
Prove that the circumn-circles of the three equilateral
triangles meet at a point which is also the point of con-
currence of the lines AA’, BB, CC'.

13. If an equilaleral triangle be inscribed in a circle,
and the adjacent arcs cut off by two of its sides be bisec-
ted, prove that the line joining the points of bisection
is trisected by the sides,

14. Pis any point on the circum-circle of a given
triangle ABC; PA’, PB', PC’ are chords of the circle per-
pendicular respsctively to BC, CA, AB. Shew that the
triaagles ABC, A’ B' C" are congruent.

15. If S be the circum-centre of a triangle ABC,
and if the perp:ndicular from S on BC meets the circum-
circle in K and L, L being on the same side of BC as A,
prove that AK and AL bisect the interior and exterior
angles at A. Also, if | by the in-cenire, prove that K ig
‘the circum-centre of the triangle BIC.
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18. ABC is a triangle; O is the point of intersec-
tion of the perpendiculars AD, BE, CF upon the sides
of the triangle ; .G. H, K are the midd]e points of the sides,
and L, M, N the middle points of the lincs OA, OB, OC.
Prove that each of the angles LHG, LK(% is a right angle;
and hence prove that the circle passing through the
points G, H, K algo passes through the six points (L. D),
(M, E)- (N, F)

17. Given one angle, of a triangle, the side opposite
to it, and the sum of the other two sides, construct the
triangle.

18. ABC is any triangle, inscribed in a circle. and
AP, EQ are chords of the circle parallel to BC, CA
‘respectively. Prove that PQ is parallel to the tangent at C.

19. AB is the diameter of a semi-circle, D and E are
any two points on its circumference. AE, BD interscet
at M;and AD, BE produced intersect at L. Prove that
LM produced cuts AB at right angles. '

20. BC isa given arc of a circle whose centre is O ;
A is any pnint in BC. AD, AE are drawn perpendiculars
to OB, OC. Prove that the line DE is of constant
length.

21. Prove that an equiangular polygon inscribed in
a circle hag its alternate sides equal. Hence, shew that
an equiangular pentagon inscribed in a circle is also
equilateral.

22. 1f any number of triangles be on the same base,
.on the same side of it, and have lequal vertical angles,
prove that the Dbisectors of the vertical angles are
.concurrent.
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23. 1 two circles intersect and if one of them
passes through the centre of other, prove that the
tangents to the latt‘er at the points of i‘ntersection will
meet on the former.

24. If P be,any point on the circle circumseribed
about a given equilateral triangle ABC, prove that one
of the lines PA, PB, PC is equal to the sum of the other
two.

25. 0O ig the circum-centre of a triangle ABC, and.
D. E, F are the feet of the perpendiculars from A, B, C
on the opposite sides. Shew that OA, OB, OC are respec-
tively perpendiculars to EF, FD, DE.

26. Right-angled triangles are described on the same
hypotenuge. Shew tbat the locus of the centires of the
in-circles is a quarter of the circumference of a circle of
which the common hypotenuse is a chord.

27. Construct a triangle, having given one side and
the radii of the in-circle and circum-circle.

28. ABCDE is a regular pentagon inscribed in a.
cirele, and AC, BD intersect at O. Prove that AO =DO,
and that BC2=AC. CO.

29. ACDB is a semi-circle. AB being the diameter,
and the two chords AD, BC intersect at E. If a circle be
circumscribed about the triangle CDE, prove that it will
ent the former at right angles.

30. 1f | be the in-centre,and I, 1., 15, the ex-centres.
of a given triangle, prove that | is the ortho centre of the
triangle 1,1,1,. Hence shew that the circum-circles of.
the four triangles I.1,, 131y, 15 and 11,15 are
equal to one another.
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31. The diagonals of a given quadrilateral ABCD
intersect at O. Shew that the centres of the circles cir-
cumscribed about the triangles OAS, OBC, OCD, ODA
are at the angular points of a parallelogram.

22. If aline BC of constant ]engtl: have its extremi-
ties on two fixed str. lines AX, AY, prove that the circum-
radius of the AABC is of the same length for all positions
of BC. Hence prove that. as 3C changes its position, the:
circum-centre of the AABC moves on the O” of a ©.

33. In the preceding example, shew that the distance
of the circum-centrve from the line BC is the same for all
positions of BC. Hence prove that, as BC changes its
position, the ortho-centre of ihe triangle ABC moves on
the circumference of a circle.

34. ABC is an equilateral triangle inscribed in a
circle whose centre is O, and BO is produced to meet the
circumference in D. Prove that the arc AD is one-sixth
of the whole circumference. Hence prove that AD=AO,
and that AB? = 30A%

35. PM, PN are tangents to a circle, of which the
centre is O, and MN the chord of contact. PEF is any
straight line cutting the circle at E, F. OS is drawn per-
pendicular to EF and produced tomeet MN produced in
Q. Prove that 0S.0Q = (radius)?, and hence prove
that QE, QF are tangents to the circle.

36. Through a given point without a given circle
draw a straight line so that the part intercepted by the
circumference may be equal to a given straight line not
greater than the diameter. )
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37. The internal and external bisectors of the angle
A of a triangle meet the base BC in E, E’ gnd the circum-
circle in D and D'¢ Prove that D isthe ortho-cantre of
the triangle EE'D’.

38, From S, the circum-centre of the triangle ABC,
‘perpendiculars SA’, SB’, SC’ are drawn to the sides, and
these perpendiculars are produced to P, Q, R respec-
tively so that SA” = A'P,SB' = B'Qand SC' = CR.
Prove that S is the ortho-centre of the triangle PQR, and
hence shew that the As ABC, PQR have the same nine-
point circle.

=9, Construct a triangle, having given the ortho-
centre, the circum-centre and one angular point.

40. AB and AC are two given sir. lines in which B
and C are two given pts. BD is drawn L to AC, and
DE L to AB; in like manner CF is drawn L to AB, and
FG to AC. Trove that EG i3 i to BC.

41. If the centres of two cireles which touch each
other externally be fixed, prove that the external common
tangents of the two circles will also touch the circle of
which the straight line joining the fixed centres is the
diameter,

42, AB,AC arethe equal sides of an isosceles triangle
ABC. P is a point on AB, and Q a pointon AC produced
guch that BP=CQ. Prove that, for all positions of PQ.
the circum-circle of the triangle APQ passes through a
fixed point on the bisector of the angle BAC.

43. ABC is a triangle, and BE, CF are the per-
pendiculars from B and C upon the opposite sides. If K
be the mid-pt. of BC, prove that KF =KE, and that each
of the £8 KFE, KEF is equal to the Z A.
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44. Tf two circles touch each other internally,
prove that any,chord of the greater circle which touches
the smaller is divided at the point of wontact into segments
which subtend equ.l angles at the point of contact of the
two circles,

45. PA, PB, PC are ‘any three chords of a circle.
Prove that the circles described on these chords as dia-
mters will intersect again in threc points wkich are
collinear.

46. A series of circles touch a fixed straight line at a
fixed point. Shew that the tangents at the points where
they cut a parallel fixed straight line all touch a fixed circle.

47. AD, BE, CF are the perpendiculars of the
triangle ABC, Prove that the feet of the L5 {rom D on
AB, AC, BE, CF are collinear. ‘

48. Ois the ortho-centre of a A ABC, and P.Q, R
the circum-centres of the As BOC, COA. AOB respect-
tively. Prove that O is the circum-centre of the A PQR.
Prove also that cach of the quadls. OPCQ, OQAR and
ORBP is arhombus, and that the As ABC, PQR are
congrucnt.

49. Having given the base and the vertical angle of
a triangle, prove that the nine-point circle touches a fixed
circle whose radius is equal to that of the circum-circle.

50. A man standing on the deck of a ship in the
middle of a calm ocean looks around with a telescope.
Shew that the distance from him of the farthest object he
can see on the surface of the ocean is approximately v}
mile, where 1 inch is the height of the observer’s eye
above the water, assuming the radius of the earth to be
4000 miles.



BOOK IV.

Proportion : Similar Triangles.
SEECTION L

FUNDAMENTAL IDEAS AND DEFINITIONS.

1. A straight line, of an arbitrarily chosen length,which
is used for the puppose of accertaining the lengths of
other straight lines, is called the unit of length. We
are said 1O measgure a straight line when we ascertain
the number of timesg that it contains the unit of length.

2. The area of a square of which a side is cqual to
the unit of length is called the unit of area. We ure
sald tO measure the area of a plane figure when we
ascertain the number of times that this area contains the
unit of area.

3. An angle, of an arbitrarily chosen sizc, which
is used for the purpose of ascertaining the sizes of other
angles, is called the unit of angle. We are said to
measure an angle when we ascertain the number of
times that it contains the unit of angle.

4. Any thing that can be measured is called a
magnpitude. Clearly thercfore, a straight line, an
angle and the area of a plane figure are all magnitudes.

Note. This is the more exiended sensc in which the word

“magnitude” is used. TFor other meanings of the term see Art. 5,
Sec. 1, Book L.
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5. The numerical measure of any given
magnitude is the number of times that it contains the unit
of its kind. Thus, if one inch Dbe Yaken as ‘the unit of
lengih, the nwmerical measure of a straight line that
contains six complete inches with ai1&mainder which is
two-thirds of an inch long, is (3.

Note. The number of times that any given magnitude contains
the unit of its kind, is said to represent that magnitude. Thus, if

one foot be taken as the unit of length, a straight line which is 9
inches long will be represented by the number 3.

6. If (wo magnitudes A and B be such that B can be
divided into parts each of which is equal to A, then A is
«aid to be a Measure of B, and B is said to he a mul-
tiple of A. Thus, in the following diagram, if the areas
of the rectangles A and B ba § of asquare inch and 2%

square inches respectively, then it is easy to see that B
can be divided into five parts each of which is'equal in
area to A; hence, Ais a measure of B, and B isa
multiple of A.
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Note 1. Inthe above illustration, the expression “A is a mea-
surc of B” means the aren of A is a measure of the area of B. Similar
to the expression “B is _a multiple of A" means the areaof Bisa
multiple of the area of A.

Note 2. When B is divisible into parts cach of which is equal
to A, it may be said that B contains A an integral number of times.

Note 3. /f two magnitudes have a common measure, they have
also a common multip's. Let A, B and C be three straight lines such.
that C is a common measure of A and B.

A

B e e e
c___.._

Then, we must have

A =1 times C}, where i and n are two
and B = n times C/ integers.

Hence, n A=mn.C };
and mB=mnC

and .. nA=mB.

Thusg, the straight line which is n times A is also that
which is m times B, and is therefore a common multiple
of A and B.

7. If two magnitudes of the same kind have a com-
mon measure they are said to be cOmmensurable ;
if they have no common measure they are said to be
incommensurable.

Note. The side and the diagonal of a square are a pair of
incommensurable magnitudes. For, if the length of the side be a
inches, the length of the diagonal must be anZ inches
ie., (aX14142135...... ) inches.
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Hence, the diagonal=« inchesx 1'4142135......

(a inches

19135 .
v )x1414,13o .........

which shews that one-hundredth part of tlie side, which of course
is a measure of the side, is not contained an integral number of
times in the diagonal, and is therefore not a1 measure of the diagonal.
a inches

215

- inches
215

which shews that one 215th  part of the side, which ofcourse is a

Again, the diagonal =( ) X (215X 1414...... )

>X304‘011 ...... ;

measure of the side, is not a measure of the diagonal.

And so on. Clearly therefore no measure of the side is a measure
of the diagonal, and consequeutly the sideand the diagonal have no

comimon measure.
8. If two magnitudes arc incommensurable they may
still be regarded as commensurable for all practial purposes.

For instance, take a square of which the side is ten inches

in length ; then

(i) 1he diagonal = ( 10inches ) x 1'414213562......

l‘l_O inches
1,00,000

x 141421°3562......

"

(one ten-thousandth of an inch )

x 141421°3562......
= 141421 times (one ten-thousandth.
of an inch) +°3562.........of (one

ten-thousaadth of an inch) ;
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which shews that if the portion of the diagonal which is
141421 times (one ten-thousandth of an inch) be taken as
the diagonal, leaving out the remainder which is 7ess than
one ten-thousand/h of an inch, then the side and the
diagonal may be regarded as commensuirzdle, the common
measure being one ten-thousandth of an inch.
(ii) The diagonal = (%, 61(‘)‘(1;368) x 1414213°562......
=(one hundred-thousandth of an inch)
x 1414213°562-.....
=1414213 {imes (one hundred-thou-
sandth of an inch) +°562......0f
(one hundred-thousandth of an inch) ;

which shews that if the portion of the diagonal which is
1414213 times (one hundred-thousandth of an inch) be
taken as the diagonal, leaving out the remainder which
ig less than one hundred-thousandilh of an incl, then the
gide and the diagonal may be regarded as rominensurable,
the common measure being one hundred-thousandth of
.an inch.

- 10 ;
(iii) The diagonal =['i—0—,&%——3§)] % 14142135'62.,00u......

=(one millionth of an inch)
x 14142135°62............
= ]4142135 times one millionth of
an inch +"62...... of one millionth of

an inch ;
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which shews that if the portion of the diagonal which is
14142135 times* one-millionth of an inch be taken as the
-diagonal, leaving out the remaindex: which is less thun
one-millionth of an inch, then the sidg and the diagonal
may be regarded as commensurable, the common measure
‘being one-millionth of an inch.

And so on

From the above it i3 clear that if two magnitudes ar»
incommensurable they may still he regarded as commen-
surable, the common measure being a very sinall mecasure
of one of them ; and the smaller this measure is, the
smaller is the consequent error. In other words, if two
magnitudes are incommensurable, one of them may he
regarded as a very large multiple of a very small measure
of the other, the consequent error being too small for
practical purposes.

9. The ratio of one magnitude to another of the
game kind is the number which expresses what multiple
or what fraction the former is of the Jatter.

(i) If A and B are two straight lines whose lengths
are 3 inches and 1 inch respectively.

A
S

then the ratio of A to B is 3; and the ratio of B to
A is$.

20
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(ii) If C and D are two rectangles whose areas are 23

and 1% square inches respectively, .
17 $
c k-
| D
-\

then the ratio of Cto D isig, which is=% ; and the ratio-

2

of D to Cis _1_3' which is=35.
2%

(iii) Generally speaking, if A and B are two magni-

tudes of the same kind, whose numerical measures:

referred to one and the fame unit are « and 0 respectively,

2 Lt
then the ratio of A to B is—‘a and the ratio of B to A is -;.

Note 1. The symbol g stands for “the ratio of A to B.” Hence,

“the ratioof Ato B ls—g--’ is briefly written as B= !bi , “The ratico:
of A to B” is also written as A : B,

"

Note 2. “The ratioof A to Bis _ab_ and “A and Bare in the-

ratio of a to b are cquivalent expressions.

Note 3. When we consider the ratio of A to B, A is called the
antecedent (or the first term) and B the consequent (or the second
term) of the ratio. When the ratio of B to A is considered, B is the -
anteccdent and A the consequent.
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Note 4, If A and Bare two straight lines whosec pumerical
measures referred to one and the same unit of length are 3 and 5
respectively ; and if C and D are two areacrof which the numericat
measures referred to one and the same unit of area are respectively

£ ,
A——— 3 2| ¢ 2
8

5

3and 5; then the ratio of A to B is §, and alsothe ratio of C to D
is . Hence, the ratio of A to B is equal to that of Cto D, This

is briefly expressed by the nOtﬂti°"~%= g‘

10. Four magnitudes A, B, C, D are said to be pro-
A_C
B D
when the ratio of A to B is equal to that of C to D.

portional {(or in proportion) when . i.e.,

Note 1. @) g-=g. () A:B=C :D, and

(iii) A: B:: C : D arc equivalent expressions and read as “Aisto B
ag CistoD.”

Note 2. Each of the above three expressions is called a propor-
tion.

Note 3. Ina proportion such as A:B=C:D, A and D are
called the extremes, and B and C the means.

Note 4. The word “proportional” is also used asa noun ; thus,
in the proportion A : B: : C: D, D is said to be the fourth propor-
tional to A, B and C.

Note 5. [n a proportion, terms occupying similar positions, i.e.,
terms which are both antecedents or both consequents of the ratios,
are said to be corresponding or homologous terms,
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11. Magnitudes A, B, C, D of the same kind are said
tobein continued proportion wheﬁ-—é— = —E— = g—
t.e., when the ratio of A to B, the ratio of B to C, the ratio

of C io D, are all eyual

12. When three magnitudes A, B, C of the same

kind are in continued proportion, ¢.e., when
A B

B Cc’

B is said to be tha mean proportionalt A and C:
and C is said to be the third proportional to A
and B.

13. 1If three magnitudes A, B, C of the same kind be
such that the ratio of B to Ais equal to that of C to A,
then B=C. For, let ¢, 0, ¢ be the numerical measures of
A, B, C referred to one and the same unit; then. by
hypothesis,

/] c

——
’

a a
and .. b=¢. Hence B=C.
Thus, magnitudes which have the same
ratio to the same magnitude are equal

to one another.
Note. Converscly, cqual magunitudes have the same ratio to the
same magnitude.

14. 1If four magnitudes A, B, C, D be such that the
ratio of A to B is equal to that of C to D, then the ratio of
B to A is also equal to that of D to C. For, if @, ) be the
numerical measures of A and B referred to a unit of the
class to which A and B belong, and if ¢, @ be the numerical
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measures of C and D referred to a unit of the class to
which C and D may belong; then, by hypothesis,

a_e ¢
) d
LA _ 4. Cr ?
l'rb 1 4’
2.4 L B_D
or, « (," enceA C.

Thus, if four magnitudes be propor-

tional, they are also proportional when
taken inversely.

15. 1f four magnitudes A, B, C, D of the same Iind
ke such that the ratio of A to B is equal to that of C to [,
then also is the ratio of A to C equal to that of B to D.
For, if «. b, ¢, d be the numerical measures of A, B,C, D

1espectively, referred to one and the same unit, then, by
hypothesis,

“ oL,
b a’
axb_oc b
b c dxc'
L0 oo A2 B
or, o i’ nce D

Thus, if four magnitudes of the same
kind be proportional, they are also pro-
portional when taken alternately.

16. 1f four magnitudes A, B, C, D be such, that the
ratio of A to B is equal to that of C to D, then also is the
ratio of A + B to B equal to that of C+D to D. For, if
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@, b be the numerical measures of A and B referred toa
unit of the class to which A and B belong, and if ¢, d be
the numerical measyres of C and D referred to a unit
of the class to which C and D may belong, then, by
hypothesis,

a_ <,
b &’
. 2 =2 .
o b+1 (l+1’
ath_c+d . A+B_C+D
or, b d,wencB—D

Thus, if four magnitudes be propartional, the sum of
the first and second is to the second as the swin of the thivd
and fourth is to the fourth. This inference is spoken
of as componendo.

Note 1. If A be greater than B, and C greater than D, it is

ensy t that =B . €D
sy to prove that B D

This inference is spoken of as Dividendo.

Note 2. Since a+_b=gig) . ad_ c+d
b d v a=b” e=d
a-b ¢c—d
and &0 = 01 ! A+B C+D
b d whence A-B-C-D -

This inference is spoken of as C mbonendo and Dividendo.

17. If the raticsof Ato B,CtoD,E to F be equal
to one another, where A, B, C, D, E. F are all magnitudes
of the same kind, then each of these ratios is equal to the
ratioof A+C+E to B+D+F. For,if a.b,¢,d, e f be
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:the numerical measures of A, B, C, D, E, F respectively,
:referred to one and the same unit, then, by hypothesis,

« c [ b

v AT e
‘Taking each of these fractions = %, &e have
a = bk,¢c = dk,e = [k,

< at+cte = b+d+f);
wtcte
b+d+f"
a c e a+cte
BT T vd s
A CorE_A+C+E
BD F~ B+D+F

k=

e,

Hence.

Thus, if any number of ratios be equal,
-where the antecedents and consequents
-are all magnitudes of the same kind, then
any antecedent is to its consequent as
the sum of all the antecedents is to the
-sum of all the consequents.

This inference is spoken of as Addendo.

18. A: B::C: D, where A, B, C, D are four
-gtraight lines, then the rectangle contained by A and D is
-equal to the rectangle contained by Band C. For, ifa, b, ¢,
-d be the numerical measures of A, B, C, D respectively,
«referred to one and the same unit, then, by hypothesis,

a 4

b 4t
2 -
5 x bd d X bd,

or, ad =bc,
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But ad and be are the numerical measures of the areas.
of the rectangles A.D and B.C respectively,.

Hence the rectangle contained by A and D = the
rectangle contained by B and C.

Thus, if four straight linesS be propor-
tional, the rectangle contained by the
extremes is equal to the rectangle con-
tained by the means.

Conversely, if four straight lines A, B, C, D are such.
that AAD = B.C,then A: B = C: D,

Note. It follows from the above that when three straight
lines are in continued proportion the rectangle contained
by the extremes is equal to the square on the mean. Conversely,
if three straight lines A, B, C are such that AC = B?,

then A: B=B: C.

19. Two rectilineal figures are gaid to be equiangu-1
lar when the angles of the one, taken in order, are respec--
tively equal to those of the other, taken in order.

In the preceding diagram, the pentagons ABCDE
and PQRST are egriangular, the Zs A, B, C, D, E being:
respectively equal to the 2s P,Q, R, S, T.
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20. 1In two equiangular triangles, any angle of the
first and that angle of the second to which it is equal are
said to be corresponding angles; and sides
opposite to corresponding angles are said to be corres-
ponding sides. Thus, if in the Ae ABC, DEF, the
ZLs A, B, C are respectively equal to the Zs D, E, F, th~n

the 28 A and D are a pair of corresponding angles ; and:
so are the Zs B and E, as well as the Zs C and F.. Also
the sides BC and EF are u pair of corresponding sides ;
and so are the sides CA and FD, as well as the sides AB
and DE.

Note. Gienerally speaking, in two equiangular rectilineal figures,.
any angle of the first and that angle of thesecond to which it is ¢qual.

A D P S

]

are said to be corresponding angles ; also the common arm of any twe.
consecutive angles of the first and the common arm of those two-
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«consecutive angles of the second to which they are respectively equal
are said %0 be corresponding sides Thus; if in .the preceding two
figures ABCD and PQRS, the /s A, B, C, D be respectively equal
‘to the £8 P, Q, R. S then the £s A and P are a pair of correspond-
ing angles ; so are the.Zs B and Q, the /s Cand R, and the Zs D
and S. Again the /s B and C being respectively equal to the Zs Q
and R, the side BC (the common arm of the /s B and C) and Jhe
:6ide QR (the common arm of the £s, Qand R)area pair of corres-
ponding sides; so are CD and RS, DA and SP, AB and PQ.
[Of two corresponding angles,or two correspinding sides,
-either is said to correspond to the other.)
21. If two recti'incal figures are equiangular and if
the ratio of any side of the first to the corresponding side
-of the second is the same, then they are said to be Similar.

Thus, in the following diagram, the figures ABCDE
:and PQRST are similar,

A
T
8¢ { Q
\ R S
e °

(1) ifthe 28 A, B, C, D, E are respectively equal to
the /_sP Q,R S, T,

.and (ii) i PQ QR RS ST TP
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22. Two similar rectilinea! figures are said to be
‘similarly Slf:ua.ted when their corresponding sides
.are parallel and the same in sense. Thps, in diagram (1),
the two figures are

e);

‘similar as well as similarly situated ; whilst in diagram (2)

(2)
A D
X
R
(3 y q
S "P
c

the two figures are similar but nof similarly situatel the
cause the corresponding sides, though parallel. are oppo-
site in sense.

23. Two rectilineal figures are said to have their sides
about two of their angles reciprocally proporti-
onal when a side of the first is to a side of the second

-as the remaining side of the second is to the remaining
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side of the first. Thus, the As ABC and DEF, have
their sides about the Zs B and E reciprocally
proportianal,

if AB EF

L DETBC

A S

24, If four str.linesa,B,C,Dbesuchthat
A C

B-D then also

the sq.on A_thesqg.on C
the sq. on B the s8q.on D

A— c
8 ]

Letm, 2 be the numerical measures of Aand B referred
to some common unit ; then 7 and »n are also the numeri-
cal measures of C and D referred to some ot/ier unit. The
units of length Leing different, the units of area are also
different in the two cases.

If @ denote the unit of area in the first case and 8, that
in the second, we must have
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Sq. on A = m2a } sq.on C = m?0 }

sq. on B = A% sq.on D = wip 1
8q. on A sq. C '

Hence q. on A_sd.on each of these two ratios

8. on Busq. on D’

2
. m
being = e ).

EXERCISE (28).

1. Define the unit of length and wnit of area. If
5 inches be the unit of length, what is the unit of area?
Into how many units of area can a rectangle be divided
whose sides are 9 and 15 inches respectively ? Illustrate
your answer by a diagram.

2. When is one¢ magnitude said to be a mu/tipls of
another ? and when a measurr ? If two magnitudes have
a common multiple, prove that they have also a common
measure.

3. When are two magnitudes said to be commensur-
ahle? 1f A and B denote any two magnitudes that are
commensurable, prove that, A being divided into a certain
number of equal parts, any of these parts is coniained an
exact number of times in B.

4. When ars two magnitudes of the same kind said
to be tncomimnensurable ?  1f the length of the diagonal
of a square be d inches, show that a side of the square =
(d x"7071067%...} inches. Hence prove that the diagonal
and the side have no common measure.

5. In the preceding example, shew that the diagonal
and the side may be regarded as having a common measure,
if a very small error be neglected.

6. What i3 meant by the ratio of one magnitude to
another of the same kind ? Give illustrations.

7. What is the meaning of B=D ?
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For the purpose of this relation, is it necessary that.
A, B, C, D should all be magnitudes of the same kind ?
If not, how may the matter stand ?

8. If three ‘magnitudes A, B, C of the same kind ?-

such that B = 2 , prove that B = C,

A A
. A C
9. If four magnitudes A, B, C, D be such that B =D
B D
prove that ASc

10. If four magnitudes A, B, C, D of the same kind.

be such that A g— , prove that AL g— .

B C
11. If A, B. C, D be four straight lines such that
% = % , prove that the rect. A, D =the rect.8, C..
12, 1If A, B, C be three given straight lines such that
= RB? A_B
A.C =B*, prove that B=C"

13. When are two rectilineal figures said to be equi-
angular ? Illustrate your meaning by a diagram.

14. What are cosresponding angles and correspond-
ing sides in two equiangular rectilineal figures? lllustrate
your meaning by a diagram.

15. When are two rectilineal figuregs said to be-
simtlar ? 1llustrate your meaning by a diagram.

16. When are two similar rectilineal figures said to be-
sinilarly situated ? Illustrate your meaning by a diagram.
17. If four straight lines A, B, C, D be such that.

A% C?

¢ , prove that 52 = Xk

A_C
B D




SECTION TII.
THEOREMS.

Theorem 1. (Evc. VI 1)

If two triangles have equal altitudes their areas are:
to one another as their bases.

yd
.

3 M, M; M c

Let the As ABC, DEF, standing on bages BCand EF’
respectively, have equal altitudes.

To prove that the AABC: the ADEE
=BC: EF.

Proof. Let the str. line P be a common measure of
BC and EF ; and suppose that P is contained »2 times in

ST BC_ m
BC and n times in EF. Then EF ' " , ()
From BC cut OE BM], MIMQ, MgMa, &c-, each = P s
and from EF cut off EN;, NyNg, &c.. each=P. Then BC
is divided into in equal parts at My, My, M3, &e., and EE.

is divided into n equal parts at N;, Ng, &e.



320 ' MODERN GEOMETRY. [BOOK

Join AM,, AM,, AM,, &c.. DN, DN, &e.
Now, it lig clear that BM; = M, M,' = M.M; = &c.
= EN, = NN, = &c., each of them being = P.
Hence, the AABC = m times the AABM, ; }
and the ADEF = n times the ADEN,.
But the AABM, = the ADEN,, because they stand
-on equal bases and have equal altitudes.
[Bk. I1, Th. 2, Note 1.}
Hence, if ¢ denote the avea of cither of these two As,
wehave
the AABC = ma }
and the ADEF = na
the AABC _ m
the ADEF '~
the AABC _ BC
the ADEE EF’

Cor. If two parallslograms have equal altitudes their areas areto
one another as their bases.

Hence,

and .'.;from 1),

D E iy

8 C ’ G

Let the par"s. AC and EG, standing on the bagses BC
and FG respectively, have equal altitudes. Join AC, EG.
Then the As ABC, EFG have algo equal altitudes.
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Now, the par". AC: the AABC =2 }
and the par~. EG: the AEFG=2

the par". AC _ the par". EG *
the AABC . the A EFG °

the par". AC _ the AABC BC
the par". EG* = the AEFG FG'

, alternately,

Note. Tn the first diagram, it BC and EF be incommensurable
either of them may be regarded as a cery large multiple of a very
small measure of the other (Ser. /, Art.¥.). Hence the str. line P
will be indefinitely small, and consequently w and » will be indefinitely
large.
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Theorem 2. (Eve. VL. 2.)

If a straight line is drawn parallel to one side of a
triangle, it cutsethe other two sides, or those sides
produced, proportionally.

Conversely, if a straight |ine cuts two sides of a
triangle, or the two sides produced, proportionally, ther
it is parallel to the remaining sides of the triangle.

£ K

(¢))] (2)
(i) Let DE be drawn | to the side BC of the AABC,
cutting AB, AC, or those sides produced. at D and E.
To prove that AD: DB=AE: EC.
Proof. Join BE,CD.

Now, the As BDE, CED are on the same hase DE
and between the same s DE, BC;

the A BDE = the A CED.
the A ADE: the A BDE = the A ADE: the
A CED.

the A ADE _ AD

the A BDE ~ DB y
the A ADE _ AE(S (Th. 1.)
the A CED ~ EC '

But

and
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AD _ AE ,
.ﬁEEC. Q-L-D.

(i) Let the str. line DE cut th® sides AB, AC, or
those sides produced, of the A ABC, proportionally ; so
that AD: DB = AE: EC.

To prove that DE is | to BC.

Proof. .Join BE, CD.

AD _ the A ADE

Now, DB  the A BDE
. (Th. 1.)
- AE _ the A ADE
! EC the A CED
AD AE
Bat D_B = EC; (Hyp.)

the A ADE_ the A ADE
the A BDE ~ the A CED’
. the A BDE = ACED.

But these two As are on the same bage DE and on the
same side of it ;

DE is | to BC. (Bk. 11, Th. 4, Cor.) Q. E. D.

Cr. 1. Ifa st;a,'_qht line drawn parallel to the side BC ofa
triangle ABC cuts the sides AB, AC in D and E, then

AD AE
AB=AC’
For, in fig. (1) AD_AE
' & ) BT EC’
_— DB_EC.
inversely, AD™AE’
DB+AD EC+AE
y AD - AE (Componendo),
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1. e .é.—B -.A_Q
o AD AE~
Hence, inversely, A0 =AE,
' Y AB AC’
Cor. 2. If points D and E be on the sides AB, AC of a triangle
ABC, so that E_AE

AB=AC’ then DE is parallel to BC.

. . . AD_AE
Referring to fig. (1), since AB=AGC’

AB_AC
AD” AE’

ABA-DA D=AC;EAE (Dividendo),

<. inversely,

DB_EC
AD AE’

AD _AE
DB EC’

and .. DEis | to BC.

..,

Hence, inversely,

EXERCISE (29).

1. Prove that the roctangle contained by two lines is
a mean proportional between their squares.

2. If two triangle3 stand on the same base, prove that
their areas are to one another as their altitudess

8. If the medians BE, CF of a given triangle ABC

interssct at G, prove that the {istances of the points B and

C from AG are equal, and hence shew that AG produced
bigects BC,
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4. ABCD is a trapezium of which AB, DC are the
parallel sides. If any straight line EF parallcl to AB cuts

AD, BC in E and F respectively, prove that AE : ED =
BF : FC.

5. From a point E in the comn?lon base of two
triangles ACB, ADB, straight lines are drawn parallel to
AC, AD meeting BC, BD in F and G respectively.
Prove that FG is parallel to CD.

6. ABC isatriangle ; and DE is drawn parallel to BC,
meeting AB, AC in D and E respectively. If BE, CD in-
tersect at F, prove that the triangle ADF isequal to the
triangle AEF.
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Theorem 8. (Kuvc. VL. 4.)

If two triangles,are equiangular, their corresponding
sides are proportional.

Let¥the As 1ABC, DEF bhe cquiangular, having the
Zs A, B, C respectively equal to the £s D, E, F.
AB_BC_CA
DE EF FD’

Proof. Apply the JA ABC to the A DEF sothat B
falls on E and BA on ED, BC falling on the same side of
ED as EF.

Then, since the 2 B=the £E, BC must fall on EF.

Let the pt. G on ED be the new position of A, and the
pt. H on EF the new position of C; then GEH is the
new position of the AABC.

Hence, the ZEGH=the ZEDF, and .. GH islto
DFI

To prove that

EG_EH ,
Hence, ED" EF’ (Th. 2, Cor. 1.)
AB BC

i.e. DE = EF
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Similarly, by applying the AABC to the ADEF so
that the /. C coingides with the £ F. it may be proved that

BC_ CA
EF FD’
AB_BC_CA .
Thus, weha\eDE— EE-FD Q. k. D.

Note. Tf two triangles are equinngular and alvo have their
eorresponding sides proportional, then they are said to be similar.
1t is proved that if the first condition be satisfied, the second st
necessarily follow.  Hence, two triangles that are cquiangular
are necessarily séndglar.

Cor. Ina right-angled triangle, if a perpendicular he drawn from
the right angle to the hypotenuse, the triungles on each side of it are

similar to the whola triangle and to one another,
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Theorem 4. (Evuc. VI 5.)

If two tnangles have their sides groportional, then
they are aiso equiangular, having those angles equal
which are opposite to corresponding sides.

®
abx
8& = .
u‘))(
Let the As ABC, DFF be such that
AB_BC_CA
DE EF FD°

To prove that the 2C = the 2F,the /A=
the 4D, and the £ B = the ZE.

Proof. Make the ZCBH = the ZE, and the
£ BCH = the £F ; thenthe £ BHC = the 2 D.

Now the As HBC, DEF are equiangular ;

. HB_BC
** DE EF’
But, by hypothesis,
AB_ .HB_AB
DE EF ' 'DE DE’
S HB = AB.}
Similarly, HC = AC.
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Now in the As ABC, HBC, we have
(1) AB = HB.
(2) AC = HC.
and (3) BC common ;
.~ the two As are congruent.
Hence, the Z ACB = the LHCB = the £F ;
the £ BAC = the ZBHC = the / D
and the LABC = the £ HBC = the 4ZE.
Q. E. D.

Note 1. Irom this proposition and the last, it is clear that of

1]

the two conditions that must be satisfied in order that two triangles
may be similar, cach nccessarily follows from the other. Hence
for the similarity of two triangles, it issufficient that either they

should be equiangular, or they should have their sides proportional.

Note 2. In the case of rectilineal figures other than triangles,
bowever either of the two conditions of similarity does not necessa-
rily follow from the other. For iustance, in the first of the follow-
ing diagrams, the two rectilineal figures are equiangulay, but their
corresponding sides are not proportional; whereas .in the second,
the two figuves have their sides proportional, but they ave not

equiangular.

L7
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Theorem 5. (Euc. VI 6.)

If two triangles have one angle of the one equal to
‘one angle of the other, and the sides about these equal
angles proportional, then the triangles are similar.

t

/\ ~
/
/HZ._ K D
£ -
8 -

AN

c € —B
Let the As ABC, DEF have the Z A=the 2D, and
AB AC
Tet BE be = BF

To prove that the two A8 are similar.

Proof. Apply the ADEE to the AABC so that D
falls on A and DE on AB, DF falling on the same side
of AB as AC.

Then, since the Z A= the £ D, DF must fall on AC.

Let the pt. H on AB and the pt. K on AC be the new
positions of E and F respectively ; then AHK is the new
pogition of the ADEF.

AB_ AC

Now, *D—E = *D—IE. ; ' (Hyp.)
" AH AKS

HK is | to BC. (Th 2, Cor. 2),
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Hence the Z AHK (which is the ZE)=the < B; and
the Z AKH (which is the ZF) = the £C.
Thus, the two As ABC, DEF are'equiangular;

and .. ﬂieir corresponding sides are.proportional.
(7h. 3)

Honce. the As ABC, DEF are gimilar. Q ED
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Theorem 6.
If a polygon is divided into triangles ky lines joining
a given point to its uertices, any similar polygon can be
divided into corresponding similar triangles.

‘D

a {:] P °

Let ABCDE, PQRST be two similar polygons, having
the Zs A, B, C, D, E respectively equal to the Zs P, Q,
R, S, T; and having

AB _BC_CD_DE_EA
PQ QR RS ST TP

Let the polygon ABCDE be divided into the As
AOB, BOC, COD, DOE, EOA by joining any pt. (0}
within the polygon to its vertices.

To prove that there is a point 0’ within
the polygon PQRST such that the APO'Q
ig similar to the AAOB,the AQOR is similar
.to the ABOC, and 80 on.

Proof. Make the 2 QPO’'=the £ BAO, and the
£ PQO’'=the £ ABO.
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Join O'R, Q'S,0'T.
(1) The Ag AOB, PO Q are equiangular;
~. they are similar. (Th. 8, Note.)
(2) The 2~ ABC = the £ PQR, (Hyp.)

and the Z ABO = the £PQO;
the 2OBC = the ZOQR. ... v (@)

Also, the As AOB, PO'Q being similar,
OB AB

0Q” P’
AB_BC
PQ QR’
OB BC
oa" orR' v (B)
Hence, from («) and (/3),
the As BOC, QOR are similar. (1h. 5.)
(3) The £ BCD = the Z QRS, ' (Hyp.)
and the ~BCO = the ZQR?D’; (AsBOC, QOR
being equiangular.
the £ OCD =the £ O'RS R OV
Also, the As BOC, QO'R being similar,
oc _ BC
OR QR’
but g—g‘ = "% ; (Hyp.)

but (Hyp.)

oC _CD ‘
OR fi-s_ eer oes .o (8)

Hence, from (v) and (3),
the As COD, RO’S are similar. (Th. 5.)
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In the same way, v
the As DOE, SO'T are similar ;
and so are the Ag EOA, TO'P. Q. E. D.
Note. If the pt. O coincides with onc of the angular points of
the figure ABCDE, then O’ will coincide with the corresponding

angular point of the figure PQRST. For instanoce, if O coincides
with A, O’ will coincide with P.

EXERCISE (30).

1. ABC ig a triangle, and DE is drawn parallel to BC,
meeting AB, AC in D and E respectively. If BE, CD
intersect in O, prove that the arca of the triangle COE is a.
mean proportional between the areas of the triangles DOE
and BOC.

2. B is the mid-point of a straight line AC, and the
triangles ADB, BEC arc between the same parallels. If a
straight line parallel to BC cuts DA, DB, EB, EC in F,.
G, H, K respectively, prove that FG = HK.

3. If the numerical measures of the sides of one
triangle be 2, 3, 4, and those of another, 6, 9, 12, prove
that the two triangles are equiangular.

4. ABC is a triangle; BE, CF are drawn to the
opposite sides so0 as to intersect at G on the median from-
A. Prove that the AAGC :the ABGC=AF : FB, and
hence prove that FE is parallel to BC.

5. AB and CD are two parallel straight lines, and E
is the mid-point of CD ; AC and BE meet at F, and AE
and BD meet at G. Prove that FG is parallel to AB.
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6. Two straight lines AB, CD intersect at B, so that
OA :0C=0D : OB. Prove that the ZADO = the
£ CBO, and hence shew that the four points A, B, C, D
are concyclic.

7. Ina AABC, AD is drawn pespendicular to BC.
If AD is the mean proportional to BD and DC, prove
that the ZBACisart. Z.

8. AC and BD are drawn perpendiculars to a given
straight line CD from two given points A and B ; AD and
BC intersect in E, and EF is drawn perpendicular to CD.
Prove that AF and BF are cqually inclined to CD.

9. If a polygon is divided into triangles having one of
the vertices of the polygon for & common vertex, shew
that any similar polygon can be divided into correspond-
ing similar triangles.
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Theorem 7. ( Evo. VI. 19.)

Theratio of the areas of two similar triangles is equal
to the ratio of the squares on the corresponding sides,

A

o 8 E K F

Let ABC, DEF be two similar As having the Zs
A, B, C, respectively equal to the ZgD,E, F; so that
‘BC and EF are a puir of corresponding sides.

To prove that

AABC _BC?
ADEF EF?’

Proof. Let AH, DK be s to BC,EF; and let

@, d, h, & be the numerical measures of BC, EF, AH,
DK regpectively, referred to one and the same unit.

Then the area of the AABC =} ah units of area ;}
and the area of the ADEF =}d/: units of area.

AABC _ah _ a h

ADEF dk  d 'k '

Now, thert. ZB = the ZE,
:and the rt. ZAHB=the rt. ZDKE ;

< the As AHB, DKE are equiangular.
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Hence AH _ AB
¢ DK ~ DE’
AB_ BC, ,
but OE "~ EF’ UTyp).
AH BU . 1 ‘/l_'._ f".
DK EF and . ].- d -
2
Hence, AABC _a a _u

ADEF  d'd &

But a® =number of units of area in the square on BC,}
and d? =number of units of arca in the square on EF,

AABC_ BC? .
ADEF ™ EF¥ Q K. D

Note 1. Let a, b, ¢, d, o, f, be the numerical measures of BC, CA,
AB, EF,FD, DE, respectively referred to one and the same unit.
CA AB b c .

BC _ a
Then, since - EF-FD=DE " must have == 7

Cat bt _ BC? CA! _ AB?
ﬂﬂd .. ‘d; —-e" / ol Hl,n(’(, EFT:= F——ﬁ? = D‘E-i .
AABC_ CA?

Henee —=— ADEE- FD' and also=

AABC _ cA?
ADEF “Fp?™
by drawing perpendiculars from B and E on AC and DF respectfively.

AB?
DE*’

Note 2. That ay also be proved independently
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Theorem 8. (Evc. VI. 20.)

The ratio of the areas of two similar-polygons is equal
to the ratio of the'sguares on the corresponding sides.

N

A - =8
Let ABCDE, PQRST, be two similar polygons, having
the Zs8 A, B, C, D, E respectively equal to the Zs P, Q,
R, S, T so that AB and PQ are a pair of corresponding
sides.
To prove that
fiz. ABCDE _ AB®
fig. PQRST PQ™
Proof. Join AC, AD, PR, PS.

Then the As ABC, PQR are similar.
the As ACD. PRS are similar; (Th. 6.
and the As ADE.PST are similar.
Heneo  AABC _AC?
ene APQR ~ PR* } (Th. 7.y
AACD _ AC? 5
also APRS ~ PR?
VABC _ AACD -
APQR APRS. oo (X1} ase
AACD ANADE
T 2%

Similarly, APR S APST

Hence, from (1) and (2),
HABC AACD AADE
APQR ~ APRS  APST °
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Therefore each of these ratios

_ AABC+ AACD+ AADE (Addendo)
APQR + APRS+ APSTe’ aendo)
- fis ABCDE
fig. PQRST ° .
2
Hence, f'i_ALE_(_;_D_E_ AABC AR Q. 1. D.

tig. PQRST APQR PQ*"

LXERCISE (31).

1. ABC is a triangle, and D is the mid-pt. of the semi-
circle described on AB as dizmeter ; E is a point on AB
so that AE=AD. Prove that the straight line drawn
through E parallel 10 BC bisects the triangle.

2. Shew how to draw a line parallel to the base of a
triangle so as to form with the other two sides produced a
triangle double of the given triangle.

3. ABC s a right-angled triangle of which BC is the
hypotenuse; AD is drawn perpendicular to BC. Prove
that BD: DC=AB?: AC2

4, ABC is a triangle inscril.ed in a circle, and the tan-
gent at A meets BC produced in D. Prcve that

BD: CD = AB2: AC2

5. BE, CF are the perpendiculars on the sides CA, AB
of a triangle ARC. Prove that the AABC: the AAFE
= AB?2 . AE?Z,

6. If two regular pentagons be inscribed in two given
circles, prove that their areas are to one another as the
squares on the radii of the circles.
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Theorem 9. (luc. VL 3.)

The internal bisector of an angle of a triangle diU{'des
the opposite side internally in the ratio of the sides
containing the angle.

Conversely, if one side of atriangle is divided in-
ternally in the ratio of the other two sides, then the line
drawn from the point of division to the opposite vertex
is the internal bisector of the angle at that vertex.

E

A

7

-

B8 D ¢

(i) In the AABC, let AD be the internal bisector of
the £ BAC, meeting BC in D.

BD B~
To prove that DCc= AC *
Proof. Let CE be |l to DA, meeting BA produced
at E.

Then the Z AEC=the ext. ZBAD ; 1
and the Z ACE =thealt. 2 CAD. |

But the Z BAD =the LCAD;
the Z AEC=the L ACE.
AC=AE

(Lyp.)

(a)
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Now, in the ABCE, DA is || to CE ;

Bb _ BA
. Th. 2
DC A: (7%
BD _ BA i
Hence, from (), DC = AC Q.- E. D
(ii) Tn the AABC, let the side BC be divided internal-

BD_BA
DC~ AC °
To prove that the ~BAD=the 2 CAD.

Proof. TLet CE be | to DA, meeting BA produced
in E.

ly at D so that ; and join AD.

BD _ BA ,
DG = AE (Th. 2
. BD_BA ™
But DC = AC ° (Hyp.)
BA BA . _
AC = AE ,and .~ AC=AE.
Hence the £ AEC =the £ ACE. oo (B)

Now, since DA is | to CE,

<. the ZAEC =the ext. ZBAD; )
and the ZACE=thealt 4 CAD. §

Hence, from (f),
the ZBAD = the £ CAD. Q. E. D.
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Theorem 10. (Euvc. VI. )

The external bisector of an angle of a triangle divi-
des the opposite side externally in the ratio of the sides
containing the angle. Conversely, if one side of a trian-
gle is divided externally in the ratio of the other two
sides, then the line drawn from the point of division to
the opposite vertex isthe external bisector of the angle

at that vertex,

A

P L
5]

() In the AABC, let H be any point on BA produced
and lot AD be the bisector of the ZHAC, meeting BC
produced in D ; then AD isthe exlernal bisector of the
L BAC,

BD BA
To prove that oc = AC -
Proof. Let CE b» | to DA, meeting BA in E.

Then the ZAEC = theext. ZHAD; } .
and the ZACE = thealt. £ CAD.

But the £ HAD = the £ CAD, (Hyp)
the / AEC = the £LACE;
AC = AE .o s o8 ((l)

Now, in the ABCE, DA is [ to CE ;
BD BA .
DC ~ AE’ (Th. 2)

.o
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BD BA
Hence, from (a) DG~ AC - Q.E.D
(i) In the AABC, let {he side BC he divided exter-
. BD _ BA
nally at D so that DC =~ AC

Join AD and produce BA to any point H.

To prove that-AD is the bisector of the
£ HAC.

Proof. Let CE be || to DA, meeting BA in E.
Then in the ABCE, DA is || to CE;

D
gC = %2 . (Th.2)
A BA
Jut gg =%c’ (FTyp.)
A
%—é *E—E' ,and .. AC=AE.
Hence the 2 AEC = the £ ACE. T ()}

Now, since DA is || to CE,

the Z AEC =the ext. Z HAD ;
and the £ ACE =the alt. £ CAD. }

Hence, from (/3),
" the £ HAD =the £ CAD;

t.c., AD is the bisector of the Z HAC. Q. E. D.

«Cor. If the side BC of a triangle ABC be divided internally at D
and externally at D' in the ratio of BA to AC then DD’ subtends a
right angle at A.

Note 1. If a straight line BC is divided internally at D and
externally at D' in the same ratio (so that BD: DC=BD’: D'C),
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and if DD’ subtends a vight angle at any point 4, then it may be
proved that AD is the internal bisector of the angle BAC.

Let HDK be drawn || to AD’, meeting AB in H and AC produced
in K. 8ince HK is | to AD", . the ZADH=tle ZDAD'=a 11.Z.

Sin l—?-'——= BD ", alternatel BD _DC
“pcTpc v MEMUCYRER® pic
Now the As BDH, BD'A heing equiangular, we have
—gg,z g—%‘ i and the As DCK, D’CA being equiangular, we have
D% g—l% Henee ll?)¥-1A= 135\ and . DH=DK. Now it is

easy to sce that the As ADH, ADK are congruent ; and . the-
LBAD=the £CAD,

Note 2. When a given straight line is divided internally and
externally in the same ratio. it is said to he cut harmonically.
Hence any side of atriangle may be said to be cut harmonically hy:

the internal and external bisectors of the opposite vertical angle.
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EXERCISE (82).

1. ABCDisa quadrilateral, and {he bisectors of the
angles A and C meet on the diagona! BD. Prove that the
bisectors of the angles B and D meet on AC.

2. In a given circle, AB is a diameter and CD i a
chord perpendicular to it ; through any point E in CD, AE
and BE are drawn to mect the circlein F and G. Prov
that the "quadrilateral CFDG bas any two of its adjacent
gides in the same ratio as the other two.

3. ABC ig atriangle, and BQ, CO are the bisectors of
the angles Band C. 1f AO produced meets BC in D,
prove that AB { AC = BD ! CD.

4. ABC is a triangle, and BP, CP are the bisectors of
the exterior angles at B and C. If AP cuts BC at D,
prove that AB : AC = BD : DC.

5. In a given circle. AB is a diameter, and P is any
point on the circumference ; PC, PD are two straight lines
on opposite sides of PA and equally inclined to it, meeting
AB in C and D. Prove that AC : CB = AD ! DB.

6. ABC is a triangle, and AD is the biscctor of the
angle A, meeting BC in ' D. PYrove that AB : BD =
AB + AC : BC, :

Hence, if O be the in-centre of the triangle ABC,
prove that AO : OD = AB + AC : BC.
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Theorem 11. (Eve. VI. 33)

In equal circles,,angles, whether at t;:e centres or at
the circumferences, have the same ratio as the arcs on

which they stand
F
4 )
i /’
L)
' b
Ny

N
MM t Ny

Let ABE, CDF be two equal Os. of which the centres
are O and P.

(i) the ~s AOB, CPD at the centres stand on the
arcs AB, CD.

the «~ AOB_ the arc AB
the ~ CPD thearcCD’

Proof. Suppose that the mth part of the arc AB is
contained n times in the arec CD ; t... suppose that a
.common measure of the two arcs is contained m times in
the arc AB, and n times in the arc CD.

the arc A AB _m
the arc e CD  n°

Let the arc AB be divided into m equal parts at the
pts. My, My, &c. ; and Jet the arc CD be divided inton
equal parts at N, N, N3, &e.

Join OM,, OM., &c., PN, PNg, PNj, &,

To prove that

Hence
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Then the arcs AM;, MiM | &c., CN,, N;N;, N,N,
&c. are all equal ; and % the Z ¢ subtended by them at the
centres are all equal to one another, ®

Hence, if each of the £s AOM;, M,0M,, &c., CPN,,
N;PN;, &c. be denoted by a, we have

the L AOB = man, }

and the £ZCPD = na;
the ZAOB _m
the 2 CPD n'
and iy -, = \bearc AB QE D

the ar¢ CD’

(ii) T.et the /s AEB, CFD at the circumferences
stand on the arcs AB, CD.
the L AEB _ the arc AB
the «CFD thearcCD"

Proof. .Join AO, OB, CP, PD.
Then the £ AOB = twice the £ AEB }
and the £ CPD =twice the £ CFD.
the « AOB _the ZCPD,
the ZAEB the / CFD
and .. alternately,
the £ AOB fl_lﬁ'.é_A_EE
the 2 CPD theZCFD"
Rut the Z AOB _thearc AB
the 2 CPD thearc CD
the £ AEB _ thearc AB‘ Q E.D
the ZCFD _ the arc CD
Note. From Book 1I1,/Th. 4, Cor. 3, it is known that in equal
circles scetors standing oa equal ares are equal.  Hence it is casy to
see that the sector AOB : the sector CPD =the arec AB "the are CD.

To prove that

‘each being =2)

(Proved above) ;




348 MODERN GEOMETRY. [ BOO&K:
Theorem 12. (Kuc. VI. D.)

The rectangle contained by the diagonZzls of @ quadri-
lateral inscribed in a circle is equal to the sum of the
two rectangles contained by its opposite sides,

Tet ABCD be a quadl. inscribedin a ©, and let AC, BD
be its diagonals.

To prove that AC.BD = AB.DC+AD.BC,

Proof. Muke thé Z BAE = the £ CAD, and let AE
meet BD in E.

Then in the As BAE, CAD,

the £ BAE = the £ CAD;
and the Z ABE = the 4 ACD. (4 s in the same segment,)

Hence the two Ag ure equiangular;
. AB_ BE N
“ACT DCl (Th. 3.)
and .. AB.CD=AC.BE.(Sec. I, Art, 18.) ... (a)

Again, adding the ZEAC to each of the equal
Z s BAE, CAD, we have
the £ BAC = the LEAD;
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also the Z ACB = the £ ADE.
(Lsin the same segment.)
Hence the As ACB, ACE are equiangular ;

AD._ DE
AC~ BC’
and .. AD.BC = AC.DE. o (B)

Hence, from («) and (8),
AB.DC+ AD.BC=AC.BE + AC.DE
= AC(BE+DE) (BL II, Th. 7).

= AC.BD. Q. E. D.
‘Note. This, proposition is known us Ptolemy’s Theorem.

EXERCISE (33).
1. ABC is an equilateral triangle inscribed in a given

circle, and P is any point on the arc BC. Prove that
PA=PB+ PC.

2. If the diagonals of a cyclic “quadrilateral be per-
pendicular to each other, prove that the sum of the two
rectangles contained by its opposite sides is double the
area of the quadrilateral.

3. ABC iga triangle; AD is the perpendicular from
A on BC, and AP is a diameter of the circum-® of the
given triangle Prove that AP.AD =AB.AC.

Hence, if @, b, ¢, ¥ be the numerical measures of the
sides and the circum-radius respectively of any given
triangle, and if S be the numerical measure of its area,
prove that y=abc+4S,



SKECTION III.
PROBLEMS.

Problem 1.

To find the fourth proportional to three given straight
lines.

Let L, M, N be the three given str. lines.

It isrequired to find a str. line X such
thatL :M=N: X.
Cons. Draw two str. lines AB, AC, forming an angle

and unlimited towards B and C.
‘From AB cut off AD =L, and DE=M ; and from AC
cut off AF = N.

Join BF ; and draw EH | to DF, meeting AC at H.
Then FH is the reqd. str. line.
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Proof. IntheAAEH,DF is|toEH;

» AD AF
DE =FH’ , rn 2)
But AD=L, DE=M,and AF=N.
L_N. ‘
M FH’

7.¢., FH is the fourth proportional to L, M, N. Q. E. F.

Note. By a similar construction we can find the third propor-
tional to two given straight linex. For.if L, M be the two given
straight lineg, the only change in the construction will be to make
AF =M ; and then FH will be such that L : M=M : FH.
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Problem 2.
To find the mean proportional to two given straight
lines. “ )
e
, *
A c E B
P — Q

_Let AB, PQ be the two given straight lines.

"It is required to finda str.line X such
that AB: X=X : PQ.

Cons 1If AB i« the greater of the two given str.
lines, from AB cut off AC=PQ ; and on AB as diameter
describe a semi-©.

Draw CD L to AB meeting the semi-® at D.

Join AD, and from AB cut off AE = AD.

Then AE is the reqd. str. line.

Proof. Join DB.

The / ADB, being in a semi-©, isart. £;

the £ ADB =the £ ACD ;

also the ZABD=the £ ADC, each of them being
complementary to the £ BAD.
© ‘Hence the As ADB, ACD are equiangular ;
AB AB
AD AC'
But AD = AE, and AC=PQ,
AB _AE

AE " PQ°}
i.e., AE isthe mean proportionalto ABand PQ. Q.E.F.

(Th. 3)

.
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Problem 3.

To divide a given straight line internally in a given
ratio (say in the ratio of 7 to 4).

S
e
- A

«! /
E
| .
C

T.et AB he the given str. line.

It is required to find a pt. C in AB such
that AC_ T

ce= 1
Cons. Draw a str. line AD, making an angle with
AB, and unlimited towards D.

- 7B

A

From AD cut off any convenient length AE, and
measure off AH = 7 times AE.

Along HD measure off HK = 4 times AE.
Join KB ; and draw HC || to KB, meeting AB in C.
Then C is the reqd. pt.

23
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: g AH 17
Proof. Evidently HK™ 4
Now in the A ABK, CH is | to BK ;
AC_ AH .
* CB~ HK (Th. 2.,
7
= Q. E. F.

Note 1. If HK' equal to 4 times AE, be measured off along
HA ; if K'B be joined ; and if HC' be drawn parallel to K'B,
meetng AB produced in C ; then AB (is [divided externally at C
in the ratio of 7 to 4. This can be easily proved as above,

Note 2. AH = 7 times AE, aud AK = 11 tiwes AE ;

%—g —7— . But the As ACH, ABK heing equiangular, we have
%%= 2—:‘-{1 Hence [A\g 171 , t.e., AC i -1—10f AB.

L. 7
In the same way, it is casy to see that AC’ = s AB, where C’

i~ found i the manuer indicatedin Note 1. Thus, by a construction
similar to that of this Proposition, we can find any given fraction of
a given straight line,

Note 3. There is only one point 1 which a given straight line
may be divided internally (or externally) ina given ratio. For, if

‘ég=-1 _then ACis

C be a point on AB such that i

of AB.

Similarly, if P be a point on AB such that IA-"BP Z , then AP iy

7

also =1 of AB. Hence AP=AC,and .. P coincides with C,

b
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‘ Problem 4.

From a given triangle to cut off any given fraction
(say 3) of it by a straight line drawn parallel to one of
its sides.

c

Let ABC bea given A, and let BC be the side
considered.

It is required to draw a straight line HK
parallel to BC so that the triangle AHK
may be=; of the triangle ABC.

Cons. Find a pt. D in AB such that

AD 3 ' A

AB- 5 (Prob. 3.)

10 AD and AB find the mean proportional AH, so
that AH?=AD.AB. (Prob. 2.)

Draw HK | to BC, meeting AC in K.
Then HK is the reqd. str. line.
Proof. The As AHK, ABC are equiangular, and

.. similar.



356 MODERN GEOMETRY. (BROOK

AAHK AHQ
Hence, AABC ~ AB® ‘ (Th. 7
Co_ AD.AB
AB? °

But, since 3 ‘and 5 are the numerical measures of AL

and AB, referred to one and the same unit, we have

the rect. AD.AB =3 x5 units of area,
and the 8. on  AB=1J) x5 units of area; }

AD.AB_ 3x5 3
AB*  5x5 5 °

Hence, AAHK _ 3 Q. E F

AABC 5 °
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Problem 5.

To construct dn equilaterql triang/g equal to a given
square.

T
1)
0 C
x P
AT TTTTTTTRBHAQ R s

[.et ABCD be the given square.
It is required to construct an equi-
lateral triangle equal to the sq. ABCD.

Cons. Describe an equilat. APQR. Find the str.
line HK which is a side of the sq. equal to the APQR.
(Bl II. Prob. 3, Nole.)

¥rom QR, produced, if necessary, cut off QS=the
f urth proportional to HK, AB, QR. (Prob. 1.)

'roduce QF to T making QT = QS ;join TS.
Then TQS is the equilat. A reqd.

Proof. Wehave HK QR

AB QS H (OO"S.)
HK® _QR’ ,
ABE™ Q8 (Sec. 1, Art. 24.)

Now, the As PQR and TQS are similar ;
APQR QR‘ HK?

ATQS Q@s? AB®"
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But - HK?=the APQR; (Cons.)
APQR _ APQR

ATQS sq.ABCD’

lience the equilat. ATQS=the sq. ABCD. Q E.F.

e

EXERCISE (34 ).

1. On a given straight line construct a rectangle equal
to a given rectangle.
2. Uonstruct a square equal to a given rectangle.

3. Divide a given straight line internally in the ratio
of 8 to .

4. Divide a given straight line extermally in the ratio
of 5 to 8.

5. ABisa given straight line. Find a straight line
PQ such that
PQ*> 2
AB® 3
8. ABis a given straight line. Fine a straight line
MN such that

MNZ 9
ABZ ~ 5°
7. 'Trisect a given triangle by lines drawn parallel
to its base.
8. Construct airiangle similar o a given triangle and
equal in area to twice the given triangle.
9. ABCD isa given quadrilateral, and PQ. a given
straight line. On PQ consiruct a similar quadrilateral so
that AB and PQ may be a pair of corresponding sides.
Hence shew how to construct a quadrilateral similar to
the quadrilateral ABCD an cqual in area to one-third of it.
10. Construct a triangle, having given the base, the
vertical angle and the ratin of the sides.



SECTION [V.
MISCELLANEOUS PROPOSJITONS,

1. If two unequal similar figures are so placed that
their corresponding sides are parallel, then the lines
Joining their corresponding angular points are concurrent.

Tet ABCD, A'B'C'D’ be twn uncqual similar figures,
«of which the angular points A, B'. C’, D' regpectively
correspond to the pts. A, B, C, D.

Let the figures be so placed that their corresponding
sides are parallel.

To prove that AA', BB, CC/, DD’ are CON-

current.
Proof. Let AA’, BB’ meet in O.
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Then A'8' being | to AB, the As AOB, A'OB’ are

equiangular;
. BO_AB
" B'O A'B

,
Similarly, if CC' meets BB’ in P, we have

BP _ BC
BP BC
AB BC
But AR BT (Hyp.)
. BO _ BP
B'O B'P

and . P coincides with O. (Prob. 3, Note 3.)

Thus, CC’ passes through the pt. where AA’ and BB

intersect, 7.2,, throngh O.
In the same way it can be proved that DD’ passes

through the pt. where BB’ and CC’ intersect, and

through O.
Hence, AA', BB, CC'. DD’ all pass through the same
point O. Q. E. D.

Note. The point O ix called a centre of similarity of the two

figzures ABCD, A'B'C'D".

2, Ifadirect common tangent to two given unequal
line of centres in V, then the other

circles meets the
direct common tangentsas also the line joining the
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extremities of any two parallel radii of the circles drawn
in the same sense, will pass through V.

Let O, P b: the centres of the given ©Os and QS a
direct common tangent which meets OP in V.

Let RT be the other direct common tangent ; and let
OA, PA’ be any two parallel radii drawn in the same sense.

Join AA”.

To prove that RT and AA' both pass
through V.

Proof. The £s OQV, PSV beingrt. Zs, OQis |l

to PS; i
the As OQV, PSV are equiangular ;
.0vV_o0Q
PV P

Thus, V divides OP external/ly in the ratio of the vadii
of the Os.

Similarly, if RT meets OP in H, it can be proved that
H divides OP externally in the ratio of the radii.

Hence H is no other pt. than V ; (Prob. 8, Note 3.)

t.e., AT passes through V.
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Again if AA’ mests OP in K, the As OA'K, PAK are
evidently equiangular ;

OK _ GA
PK PA"

Thus, K divilds OP externally in the ratio of the
radii ; and .. K coincides with V.

Hence AA’ passes through V. Q. E. D.

Note 1. If AA' cuts the circles again in B and B/, it is easy to
‘see that OB and PB’ are parallel.  Hence the As OBV, PB'V are
equiangular ; the As OAV, PA'V are equiangular too.

‘ VA_VO_vVB | , ¢
Hence, ya= gp= g | -+ VAVB' = VA'VB.

Note 2. VA.VB'=VS? (Bk. [11. Th. 17, Cor. 1)
‘\;g =3§ Again, the As VSP, VQO arc equiangular

and soare the As VB'P, VBO ;

vS_VpP_VpB ) VS _VvQ
VQ Vo= vR S " alternately. VB = vs"
Hence, -\-,—é-: X—g .. VS.VQ=VA.VB,

Note 3. It can be easily proved, as in this Proposition, that if a
transverse common tangent to two given circles meets the line of
centres in W, then the other transverse common tangent, as also the
line joining.-the extremities of any two parallel radii of the cireles
drawn in opposite senses, will pass through W,

Note 4. The point where the transverse common tangents to
two given circles meet the line of centres is called the internal
centre of similttude and the point where the dircet common
tangents meet the line of centres is called the exrernal centre of
similitude of the two circles. Thesc two points respectively
divide the line joining the centres internally aud externally in the
zatio of the radii of the circles. :
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3. [If three concurrent straight lines are drawn from
the vertices of,a triangle to meet the opposite sides, then
the product of three alternate segments, taken in order,
is equal to the product of the other three.

B8 S b

Lot ABC.he a A, and let AD, BE, CF which intersect
at O, mieet the opp. sides at D, E, F.

Let the numerical measures of the segments (BD, DC),
(CE, EA), (AF, FB) referred to one and the same unit be
(p, 1), (q. 9", (rr) respectively.

To prove that p.q.» = p'. ¢'. 7.

Proof. Draw BH, CK L to AD.

Let o, 3, ¥ be the numerical measures of the areas of
the As BOC, COA, AOB respectively.

Now, the As BHD, CKD are equiangular ;

BD _ BH
DC CK'

Also the As AOB, AOC have the same base AO, and

their altitudes are BH, CK respectively

AAOB_ BH
AAOC CK
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Hence, . B——D—= AAOB
' DC AAOC .
. .
1.6., 1‘)—"= /3 . .. (1)
13t q ca
Similarl YT E eoe ver '
milarly ) ; (©))]
and ,7—= -ﬁi e (3)

Hence, from (1), (2) and (3),
P 9 r _ v o« B

p'- (]’. 7‘I=_[3‘ . Y'. @
'}
= 1;
pogr=p.q.r. Q. E. D.
Note 1,

This Proposition is known as Ceva's Theorem.

Note 2. The converse of this Proposition is the following :

« If three straight lines AD, BE. CE drawn from the verticss of a
AABC, megt the opposite sides in D, E, F, so that BD.CE. AF

= DC.EAFB ; then the three straight lines AD, BE. CF are

ooncurrent. It can he proved as follows :—

Let AD, BE interscet at O ; and let CO produced meet AB in F'.
Let (p, p, (g, ¢)). (v, 71, (5, ') be the nuwmerical measares of (BD,
DO), (CE, EA), (AF,FB) aud (AF’, F'B) respectively, referved to
one and the same unit.

Then, as before.

p.g. 8 =7.q.8.

Bat p.q.r =p'. q".»". (Hyp.)
s 8’ .8 r
—= - and L =,
r » s r

AF' AF
Heuce, FB-FB’

i.e.. F’ and F both divide AB internally (or externally) in the same
‘ratio ; .. B! coincides with F (Prob. 3, Note 3). Thus, CO produced
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passes through F. which proves that AD, BE, CF all pass  through
the same pt. O.

4. If a straight line cuts the sides, or the sides
produced, of « triangle, the product of three alternate
segments taken in order is equal to the product of the

other three.

Let ABC bea A ; and let a str. line cut the sides BC,
CA, AB, or these sides produced, at D, E, F respectively.

Let the numerical measures of (BD, DC), (CE, EA),
{AF, FB) referred to one and the same unit be (p, p’),
(¢, ¢'), (r, ) respectively.

To prove that p.g.» = p.'q. ' r.

Proof. Draw AH | to BC. meeting the str. line
DEF in H ; and let »# be the numerical measure of AH
referred to the unit already used.

The {two As BDF, AHF arc equiangular ;

BD _BF.
AH  AF’

._I_)‘z?nu. *
L.t e e D

Also the two As AHE, CDE are equiangular ;
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- AH_AE.
CD EC'
R o)
pl q (1] " e ) e
Hence, from (1) and (2),

p_rd.
¢ rig
Soopgr=p.q.7. Q. E. D.
Note 1. This proposition is known as Menelaus Theorem.
Note 2. The converse of this proposition is thﬁ following :—

If in a triangle, thres points are taken, ons on sach of two sides
and one on the produced part of the third side, (or one on the produced
part of eachof the thres sides), so that the yroduct of three alternate
sagments taken in order is equal to the product of the other thres,
. then the three points are collingar. The first case can be proved

ag follows —

In the AABC, let D be taken on BC produced and E, F on CA
and AB respectively, so that BD.CE.AF=DC.EA.FB; t{o prore
that the puints D, B, F are collinear.

Join DE and produce it to meet AB in F'. Let the uumerical
measures of (BD, DC), (CE. EA), (AF, FB), GAF’, FB"), referred to
one and the same unit, be respectively (p. p'), (q, ¢'), (v, 7), (8, ).

Then, as before.
p.g.s=p.¢.¢.

But p.oqr=p.q.r. ‘ (Hyp.)
s o 8
—=-, and . 5=
T 8

Hence APZ=AF

~ F'B FB
ie. F'and F both divide AB internally in the same ratio ; .. F’
coincides with F.,

s

~
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Hence, DE produced passes through F. Q. E. D

Similarly the other case ean be proved.

5. Construet a circle passing through a given point
P and touching two given straight lines AB. AC.

- ©
P
K_~
"“ o
: D
. | -
E

Cons. Let AF be the bisector of the Z BAC; then the
centre of the reqd. ©, being equidistant from AB and AC,
must be on AF. ‘

Take eny pt. D on AF, and draw DE L to AB.

With centre D and radius DE describe a @ ; it will
touch AB and AC.

Join AP cutting the above @ in H and K.

Join KD ; and draw PO | to KD, meeting AF in O.
Then O is the centre of the reqd. ©.

Proof. Draw ON L {0 AB.

Then the As AED, ANO are equiangular ;

ON _OA
DE DA’
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Also the As ADK, AOP arv equiangular ;
DA ‘DK’

Hence O—N=OP;
! DE DK

ON _DE
OP DK’
But DE = DK, .. ON =OP.

Hence, the ©® described with O as centre and ON as
radius is the 1eqd. ©. Q. E F.

Note. If HD were joined andif PO were dtawn parallel to
HD, meeting AF in O, then O’ would be the centre of another
circle satisfying the given conditions.

6. Given the base of a triangle and the ratio of the
two sides ; shew that the different positions of the ver-

tex all lie on the circumference of a known circle.

\\

B D

P

Let AB be the given base, and let the ratio of the sides

m .
be = -1; , where /i and n are integers.

[

Let P be any position of tha vertex, so that ‘;—-g =—%b— .
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To prove that P ligs on the circumfer-
ence of a known circle.

*Proof. Join PA, PB ; 4nd let PG, PD be the inter-
nal and external bisectors of the £ APB, meeting AB in
-C and D.

Then the ZCPD isart. 4.
Now, since PC is the internal bisector of the £ APB,
AC_ AP _m
CB PB '’
also, since PD is the external bisector of the 4 APB,

. DB PB n
Thus, C and D divide AB internally and externally in
‘the ratio of m to n,and are .. known pts.

Now, since the ZCPD is art. Z, the © described on
CD as diameter will pass through P.
Hence the © described on CD as diameter is the © on

which P as well ag every other position of the vertex lie.
Q. E. D.

Note. Take any point Q on the circle deseribed on CD as
.diameter ; join QA, QB, QC, QD.

: AC _AD
Now, CE=pB’ Q \
«each being =":i~ 3 and y
CD subtends a right ™~
-angle at Q. Hence, it can A Cc B = ]D

be proved, as in Th, 10,

Note 1, that QC bisects

the angle AQB ; and ..

AQ AC m

QB=CB ™ —_

24
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Hence, Q is one of the positions of the vertex of the givem
wnangle.

Now it is clear that every position of the Vertex of the given
triangle is on the circle described on CD as diameter, and conversely.,
gvery point on this circle is a position of the vertex. Hence, we
may say that the lecus of the vertex of the given triangle is the
cirele described on CD as diameter.,

EXERCISE (35).

1. ABCD is a quadrilateral, and S is a point outside
it A’iga pointin AS such that AA': A'S=2:1, B, C/,
D’ are points in SB, SC, SD such that A'B’,‘B'C’, C'D’ are
parallel to AB, BC, CD respectively. Prove that the area
of the figure A'B'C'D’is one-ninth of the area of the
given quadrilateral.

2. Construct a quadrilateral similar to a given qua-
drilateral so that each side of the coustructed figure may
be twice the corresponding side of the given figure.

8. ABC is a triangle, D and F being any two points
in BC, AB respectively. DEF is a triangle, the point E
being on the side of DF remote from B. If BE. or BE
produced, intersects CA in E’, and if E'D’, E'F’ be drawn
parallel to ED, EF, meeting BC, AB in D', F’ respectively,
prove that the triangle D' E' F’is similar to the triangle
DEF.

4. Inagiven triangle inscribe a triangle similar to
another given triangle.

5. Prove that the internal and external centres of
similitude of two given circles respectively divide the
line joining the centres internally and externally in the
ratio of the radii of the circles.
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6. If a circle touches two given circles, prove thatthe
line joining the points of contact passes through a centre
of similitude of the two circles. ’ ‘

7. Prove that the orthocentre and the centroid of a
triangle are respectively the external an internal centres
of similitude of the circumcircle and nine-point circle of
the triangle.

8. Prove that the straight lines which join the

vertices of a traingle to the pointg of contact of the in-circl®
are concurrent.

9. The in-circle of a triangle ABC touches the sides
BC, CA,ABatD,E,F. EF, FD, DE produced meet
BC, CA, AB respectively in L, M, N. Prove that L,
M, N are collinear.

" 10. From a given point O a straight line is drawn
meet a given circle in P ; in OP a point Q is taken so
that OP is to OQ in a given ratio, Find the locus of Q.



APPENDIX.
MODEL PAPERS.

MATRICULATION EXAMINATION.

(1) Compulsory Course.
[Time allo@d for answering each paper—1% hours,)
I v
1. If two straight iines intersect, prove that the verti-
cally opposite angles are equal.

Shew that the bisectors of two vertically opposite
angles are in one and the same straight line.

2. At agiven point in a given straight line construct
anangle equal toa given angle, using Ruler and Compasses.

3. Prove that parallelograms on the same base and of
the same altitude are equal in area.

Deduce that the area of a paral elogram is equal to
that of a rectangle contained by the base and altitude of
the parallelogram.

4. Prove that there is one circle, and one only, which
passes through three: gwen Points not in a straight line.

Deduce that one circle cannot cut another in more
“than two points,

6. 'If two chords of a circle intersect 1n31de the clrclo
prove that the rectangle containel by the parts of the one,
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is equal to the rectangle contained by the parts of the
other. )

If two straight lines AB, CD intersect at P so that
.AP.PB=CP. PD, prove that the four points A, B, C.D
are concyclic. :

II.

1. Prove that two triangles are equal in every respect

if the three sides of one triangle are respectively equal to
the three sides of the other.

Prove that the straight line drawn from the vertex of
an isosceles t'riaug]e to the mid-point of the base is per-
pendicular to the base.

2. Shew that the locus of a point which is equidistant
from two intersecting straight lines consists of the pair of
straight lines which bisect the angles between the two
given lines. '

Daduce that the point of intersection of the bisectors

_of any two angles of a triangle is equidistant from the
three sides of the triangle.

3. Construct a rectangle equal to & given triangle
wsing the necessary instruments. Also prove the con-
struction.

4 Prove that triangles on the same base and of the
same altitude are equal in area.

Hence shew that triangles on equal bases and of equal
altitudes are equal in area. .

5. If the line joining two points subtends equal

angles at two other points on the the same side of it, prove
that the four points lie on a circle.



874 MODERN GEOMETRY.

Shew that triangles standing on the same base, and on
the same gide of it, with equal vertical angles have their

. - ’ 3 -
vertices on the circumference of a circle of which the

given base is a chord.
.

III.

1. Prove that the sum of the angles of a triangle is
equal to two right angles.

If any side of a triangle is produced, shew that the
exterior angle is equal to the sum of the iwo interior
opposite angles. .

"~ Q. If there are three or more parallel straight lines,
and the intercepts made by them on any straight line that
cuts them are equal, prove that the corresponding inter-
cepts on any other straight line that cuts them are equal.

If D be the mid-point of the side AB of a triangle
ABC, shew that the straight line drawn through D parallel
to BC will bisect AC. -

3. Shew that the locus of a point which is equidistant
from two fixed poinis is the perpendicular bisector of the
straight line joining the tw) fixed points.

Deduce that the point of intersection of the perpendi-
cular bisectors of any two sides of a triangle is equidistant
from the vertices of the triangle.

4. Divide a given straight line into seven equal parts,
using the necessary instruments. Give reasons for the
construction,

5. Prove that the opposite angles of any quadrilateral
inscribed in a circle are supplementary.
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If a circle pasges through the angular points of a paral-
telogram, shew that the paralellogram jpust be a rectangle.

IV.

k]

1. Prove that two right-angled triangles are equal in
every respect if they have their hypotenuses equal, and
ono side of the one equal to one side of the other.

OB and OC are perpendiculars upon two straight lines
AB and AC which meet at A : if OB=0C, prove that
AO is the bisector of the angle BAC.

2. Il]ustf'ate and explain the Geometrical theorem
-coresponding to the identity,
(@a+b)? = a?+2ab+b2.
If P is the mid-point of a straight line AB, shew that
AB? = 4AP®.
3. Construct a triangle equal in area to any given
quadrilateral, using the necessary instruments.

4. Prove that a straight line drawn from the centre
of a circle to bisect a chord which is ot a diameter, i8 at
right angles to the chord.

Hence shew that a straight line cannot cut a circle in
more than two points.

5. If a straight line touch a circle,and from the point
of contact a chord be drawn, prove that the angles which
this chord makes with the tangent are equal to the angles
in the alternate segments. .

If ABC isa triangle, and if through B, a straight line
:BD be drawn on the side of BC remote from A such that
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the angle CBD is equal to the angle BAC, shew that BD
must' be the tangent at B <to the circum-circle of the:
triangle ABC.

. V. ,

1. Prove that any two sides of a triangle are together-
greater than the third.

Hence shew that the difference of any two sides of a.
triangle is less than the third side.

2. Illustrate and explain the Geometrical theorem.
corresponding to the identity (@ — b)? = a?-2ab + b2,

If C is the mid-point of a given straight. line AB, and
if D is any point in CB, shew that AD? + DB’ =2AC?
+2CD*. '

3. Construct a rectangle equal to any given quadri-
lateral, using the necessary instruments.

4. Prove that equal chords of circle are equidistant
from the centre. Hence shew that in a circle the middle
points of equal chords are concyeclic.

5. Prove that the angle in a semi-circle is a right.
angle.

Hence shew how to construct a tangent to a circle-
from any point outside it.

VL

1. If the sides of a convex polygon are produced in
order, prove that the sum of the angles so formed is
equal to four right angles.

Hence find the magnitude of an angle of a regular
pentagon. ’ ,

. 2. 'Define parallel straight lines. 1 a straight line cut--
ting two other straight lines makes the alternate angles-
equal, prove that those two straight lines are parallel.
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Hence shew that if two straight lines are prependicular
to the same straight line, they are pa;rallel to one another.

3. Construct a tangent {o a given circle from a given
point outside it, using the necessary instruments.

4. Prove that the tangent at any point of a circle is
perpendicular to the radius through the point.

If from the point of contact of a tangent to a circle a
straight line be drawn perpendicular to the tangent, prove:
that it must pass through the centre of the circle.

5. If the opposite angles of a quadrilateral are supple-
mentary, prove that a circle can be described through its.
angular points.

The side AB of a quadrilateral ABCD is produced to:
E ; if the angle CBE be equal to the angle ADC, shew
that the four points A, B, C, D are concyeclic.

VII.

1. If a straight line cuts two parallel straight lines,
prove that the alternate angles are equal.

Hence shew that if a straight line is perpendicular to-
one of two parallel straight lines, it is also perpendicular
to the other.

2. If the square described on one side of a triangle be
.equal to the sum of the squares described on the other two
sides, prove thatthe angle contained by those two sides is
a right anéle. .

Hence show that a triangle whose sides are respectively
28, 45 and 53 units of length, is a right-angled triangle;
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8. Take a triangle; bisect any two of its angles ; from
the point where the two biseotors meet, draw perpendi-
culars to the sides of the triangle. Verify by actual
measurement that these three perpendiculars are equal in
length. '

4. If two tangents are drawn to a circle from an
oxternal point, prove that they are equal and that they
subtend equal angles at the centre of the circle.

Two tangents are drawn to a circle at the extremities
of a diameter ; shew that the intercept between them of
any third tangent subiends a constant angle atethe centre.

5. 1f twochordsofa circle intersect outside the circle,
prove that the rectangle contained by the parts of the one
is equal to the rectangle contained by the parts of the
other.

It {rom any point P without a circle two straight lines
be drawn, one of which cuis the circle in A and B, and
the other touches it at T, prove that PA. PB=PT2.

VIIL

1. If two sides of a triangle are unequal, prove that
the greater side has the greater angle opposite to it.

Hence if one angle of a triangle be greater than anothe:
prove that the side opposite to the greater angle is greates
than the side opposite to the less.

2. Prove that in a right-angled triangle the square
described on the hypotenuse is cqual to the sum of the
squares described on the sides containing the right angle.

Shew how to construct a square whose ares is treble
that of a given square,
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3. Take a triangle; draw perpendiculars to any two
-of its gides at théir middle p¢ints ; join the angular points
to the point of intersection of these two perpendiculars.
Verify, by actnal measurement, that the three straight
lines so drawn are equal in length. _

4. Prove that ina circle the perpendicular drawn
from the centre to a chord bisects the chord.

Hence shew that chords which are equidistant from
‘the centre are equal.

5. It two circles touch, prove that the point of contact
lies on the straight line through the centres.

Two circlés whose centres are O and O touch each
-other externally at P; APB is a straight line through
P meeting the circles again at A and B. Prove that OA

is parallel to O'B.
IX.

1 Prove that two {riangles are equal in every respect
if two angles and a side of the one triangle are respectively
equal two angles and the corresponding side of the
-other.

If the bisector of the vertical angle of a triangle is algo
perpendicular to the base, shew that the triangle is
isosceles.

2. Prove that, in an obtuse-angled triangle, the square
-on the side opposite to the cbtuse angle is equal to the
sum of the squares on the other two sides together with
twice the rectangle contained by one of these two sides
and the p_rojecti m on it of the other '

. If the nuinerical measures of the sides of a triangle
are 7, 9 and 11, shew that the angle opposite to the
greatest side is neither right nor obtuse.
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3. Through a given point construct a straight line
paralle] to a given stralght line,.uging Ruler and Compasses.
GHve reasons for the constmctlon. :

4. Prove that,in equal circles, if two arcs subtend
equal angles at the centre, they are equal.

Hence shew that in equal circles, sectors having equal
angles are equal.

5. Prove that the angle which an arc of a circle sub-
tends at the centre is double that which it subtends at
any point on the remaining part of the circumference.

©
Shew that, in equal circles, arcs which subtend equal
angles at the circumferences are cqual.

X.

1. If two sides of a triangle are equal, prove that the
angles opposite to these sides are equal.

Shew that three angles of an equilateral triangle
are equal to one ancther.

2. Construct a parallelogramn, with Ruler and €Com-
passes; and verify, by actual measurement, that its dia-
gonals bisect each other.

3. Prove that in any triangle the square on the side:
opposite to an acute angle is equal to the sum of the
squares on the other two sides diminished by twice the:
rectangle contained by one of these two gides and the
projection on it of the other.

The rumerical measures of the sides of a triangle are-
-8, 13and 17 ; shew that the angle opposite to. the grear
test gide is neither right nor acute.
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4. 1In two equal circles, if there be two equal ares
one in each, praeve that the chords of these two arcs are
equal.

Hence shew that in the same circle chords of any two
-equal arcs are equal.

5. Prove that angles in the same segment of a circle
are equal.

il

I1f two triangles standing on the same base, on the
same side of it, have equal vertical angles, shew that both
the triangles will have the same circum-circle.



(2) Optional Course.

[Time allowed for answering each Pdper_.l;} hours.}

L

1. Prove that the sum of the squares on any two side
of a triangle is equal to twice the square on half the
third side together with twice the square on the
median that bisects third side.

ABCD is a rectangle ; and P is any point, either in-
side or outside it. Prove that PA?2 +PC2=PB? + PD2.

2. Construct an equilateral triangle in a given circle.

3. AD, BE arc perpendiculars from the vertices A
and B of a triangle on the opposite sides ; BF is per-
pendicular to ED or ED produced. Prove that the angle
FBD is equal to the angle EBA.

4, If two triangles are equiangular, prove that their
corresponding sides are proportional.

In a right-angled triangle, if a perpendicular be drawn
from the right-angle to the hypotenuse, prove that the
triangles on each side of it are similar to the whole
triangle and to one another.

IT.
1. Prove that the tangent at any ointof a circle

is perpendicular to the radius through the point.

If two circles are concentric, prove that all chords of
the outer circle which touch the inner are equal.
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2, Construct a circle, with a given radius, touching
two given straight lines.

3. If two triangles standing od equal bases have
their vertical angles supplementary, prove that their
circum-circles are equal.

4. When are two polygons said to be similar ? Illus-
trate your meaning by a diagram.

If a polygon is divided into triangles by lines joining
a given point to its vertices, prove that any similar poly-
gon can be divided into corresponding similar triangles.

ITI

1. If two tangentis are drawn to a circle from an
external point, prove that they are equal and that they
subtend equal angles at the centre of the circle.

If a quadrilateral be circumscribed about a circle,
prove that the angles subtended at the centre of the circle
by any two opposite sides of the figure are together equal
to two right angles.

2. Construct a circle passing through a given point
and touching a given circle at a given point.

3. Prove that the distance of each vertex of a triangle
from the ortho-centre is double the distance of the circum-
centre from the opposite gide.

4. Prove that the internal bisector of an angle of
a triangle divides the opposite side internally in the ratio
of the sides containing the angle.

ABCD is a quadrilateral, and the bisectors of the
angles A and C meet on the diagonal BD. Prove that the
bisectors of the angles B and D meet on AC.
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IV.

1. If a straight line touch a circle, and from the point
-of contact a chord bé drawn, prove that the angles which
this chord makes with the tangent are cqual to the angles
in the alternate segments.

Two circles intersect at A and B, and through P, any
‘point in the circumference of one of them, the chords PA
and PB are drawn to cut the other circle at C and D.
Prove that CD is parallel to the tangent at P.

2. Construct a circle which shall touch a given circle.
'have its centre in a given straight line and pags through a
given poiat in the given straight line.

3. AB isany chord of a given circle. and AD is a
tangent to the circle at A. DPQ is a straight line parallel
to AB, meeting the circumference in P and Q. Prove
that the triangle PAD is equiangular to the triangle QAB.

4. If astraight line is drawn parallel to one of a
triangle, prove that it cuts the other two sides pro-
portionally.

ABCD is a trapezium of which AB, DC are the
parallel sides. If any straight line EF parallel to AB
cuts AD, BC in E and F respectively, prove that

AE { ED = BF ! FC.

V.

1. Prove that the opposite angles of any quadrilateral
inscribed in a circle are supplementary.

Through each of the points of intersection of two
circles, right lines are drawn, cutting one circle in A and B,
and the otherin C and D. Prove that AB is parallel to CD.
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"2, Construct three circles touching each other and
having their centres at three given points which are not
collinear. '

’

3. ABisanarc of a circle and P its middle point ;
PM is any chord meeting the arc of the “opposite segment
in M and AB in N. Prove that PM.PN = PAZ.

4., If two triangles have their sides proportional,
prove that they are also equiangular, having those angles
equal which are opposite to corresponding sides.

State the conditions of similarity of two rectilineal
L]
figurcs, and shew that in the case of two triangles one of
those conditions is sufficient.

VI

"1. Prove that the angle in a semi-circle is a right
angle.

AD is a diameter of a circle circumscribed about any
given triangle ABC, and L is the point of intersection
of perpendiculars drawn from B and C on the opposite
sides of the iriangle. Prove that L.D and BC bisect cach
other.

2. CQonstruct a circle having a given radiuns and
touching a given circle and a given straight line.

3. AB iga diameter of a circle, and AF any chord.

C is any point in AB, and through C a straight line ig

drawn at right angles to AB, meeting AF, produced if

necessary, at G and the circumference at D, prove that
. FA.AG=BA. AC=AD"

25
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4, Prove that the ratio of the areas of two similar
triangles is equal to the ratio of the squares on the
correSponding sides. '

Sbew that any given triangle is divided into four
equal parts by the straight lines joining the mid-points
of its sides.

VII.

1. Prove that the sum of the squares on the four
sides of a quadrilateral is equal to the sum of squaics on
its diagonals together with four times the square on the
line joining the mid-points of the diagonals.

2. 1f two chords of a circle intersect outside the
circle, prove that the rectaungle contained by the parts
of the one is equal to the rectangle contained by the parts
of the other.

AO, BO are radii of a circle at right angles to each
other. ACD is a straight line meeting OB in C and the
circle in D.  Prove that

AC. AD = 2 OB®.

3. Construct a regular hexagon about a given circle.

4. Prove that the ratio of the areas of two similar
quadrilaterals is equal to the ratio of the squares on the
corresponding sides.

VIII.

1. ABC iz a triangle, and the exterior angles at B, C
are bisected by lines BD, CD 1espectively, meeting in D.
Prove that the angle BDC and half the angle BAC make
up a right angle. -



APPENDIX. . 387

2. 1ftwo circles touch, prove that the point of con-
tact lies on the straight line through the centres.

If the centres of two circles whicﬁ touch each other
externally be fixed, sh-w that the common tangents of
the cireles will touch another circle of wilich the straight
line joining the tixed centres is the diameter.

3. Construct an equilateral triangle about a given
circle.

4. If two triangles have one angle of the one equal
to one angle og other, and the sides about these equal
angles piroportional. prove that the triangles aie similar.

If two straight lines AB, CD intersect at P, so
that AP : PC = PD : PB, shew that the triangles APD,
CPB are similar.

IX.

1. State and prove the Geometrical theorem corres-
ponding to the identity (¢ —0)% = a? —-2ab +b>.

If C is the mid-point of a given straight line AB, and
if D is any point in CB produced, prove that AD?+DB?
= 2AC? +2CD">.

2. AB is a diameter of a circle, and C, D are any two
points on the remi-cirle ACDB. The chords AD, BC
intersect at E. Prove that the circum-circle of the triangle
CDE will cut the given circle at right angles.

3.. Construct a circlg touching a given straight.line at
a given point, such that the tangents drawn to it from two
given points in the straight line may be parallel.
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4, 1If two triangles be equiangular, prove that their
circum-radii are in the ratio of any pair ef corresponding
sides, '

Hence shew that the nine-point radius of any triangle
i8 half the circum®radius.

X.

1. Shew that the angular points of regular pentagon
are concyclic.

2. Prove that angles in the same segment of a circle
are equal. i

AB is a common chord of two circles; through C, any
point on one of the circles, straight line CAD, CBE are
drawn, terminated by the circumference of the other
circle. Shew that the arc DE is invariable.

8. Bisect a triangle by a line drawn parallel to one
of its sides.

4. AandB are two fixed points, and P is a variable
point such that PA: PB = 3 : 2. Prove that P lies on
the circumference of a fixed circle.
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Exercise (1). [Pages 19—-21.]

1. A4 solid, 2. 4 solid, 3. Length.

4. A surface; because it has length and breadth but
10 thickness.

5. Only wben the two lines coincide.

6. The points A and B are in each plane ; hence the
straight line»AB also lies wholly in eacZ plane, and is
therefore common to the two planes.

7. Because then they entirely coincide.

8. Because when the paper is folded the two parts
‘CA and CB coincide and are therefore equal.

9. When their vertices coincide and the arms of one
fall upon those of the other.

10. When the paper is folded the angle COA coin-
cides with the angle COB and is therefore equal to it;
hence OC is perpendicular to AB.

11. Let AO be produced to any point B; when the
revolving line falls upon OB it has turned through two
right angles, and it turns through two right angles more
‘when it rotates from the position OB into the position
‘OA. Hence it altogether turns through four right angles.

12. With A as centre and with a radius equal to CD
draw a circle, cutting AB at E.  Then AE is the required
part; for AE is a radius of the circle, and is.therefore
equal to CD.



390 ‘MODERN GEOMETRY.

18. Take any other point D and drawa straight line
from A to D. With A as centre and with, a radius equal
to BC- draw a cirgle cutting AD or AD produced (if’
necessary) at E. Then AE is the required straight line ;
for AE is the radius of the circle and is therefore equal to
BC. and it is also drawn from A.

14. Because when the paper is folded the angla COA
coincides with ths angle COB and i therefore eqnal to it-

Exercise (4). [Pages 43—44.)]

7. Produce BD to meet AC at E. 8. ﬁroduca BD
to meet AC at E. Then, it can be shewn that AB+AC
BE +EC. :

9. 1In proving the first part, apply the result of the
last example.

Exercise (8). [Pages 57-?-58.]

2. Drawing a figure, it may be shewn that the great-
est angle is equal to its supplement. 3. The greatest angle-
may be shewn to be greater than its supplement, and .. it

"exceeds a rt. angle. 4. A diagonal divides it into two-
triangles. 7. 144.° 9. 36.° 18. The £ BCD may be shewn.
to be equal to its supplement.

Exercise (8.) [Pages 73—74,]

5. Join AA', BB, CC. 9. Produce DE to F mak-
ing EF =CE and join FC; then FC may be shewn to
be equal and parallel to DB. : . '
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Exercise (11). [Pages 110—-112.]

1. Produce’ AB to E,. making AE= AC; join ED.
“Then CD=ED. 2. Produce AD fo E, making DE =
AD, Then AC=BE. 4. ED is|to BF. Now apply
Th. 24, Cor. 1. 12. Draw DP | to CA, meeting AB in
P;take PG=PA. 15. Draw BH | to DE, meeting AP
produced in H, draw CK || to DE, meeting AP in K.

Exercise (12). [(Page 1117.]
7. 12

Exegcise (13). [Pages 124—125.]

8. Through E draw a str. line | to AB. 10. 49 sq.
inches. 11. 2'5inches. 12. 55 inches.

Exercise (14). (Pages 1290—130.]
5. 18 miles. 8. 35 feet. 7. 1 foot.

8. At one extremity of the given line make an Z
-equal to half a right Z. 9. At one end of the given line
draw a 1 to it equal to a side of the given square.
12. Draw BD L to BC and = BA; join DC. Now
apply Th. 21, Bk. I

Exercise (15). (Pages 138—140.]

1. The square on any given line = four times the
square on half the line. 2. The 8q. on any given line =
nine times the 8q. on one-third of the line. 6. If'a given
str. line AB be divided into any three parts at C and D,
then AD.CB=AC.DB+CD.AB. 7. If E is the
mid-pt. of BC, AE=EB or EC. 8. If E is the
mid-pt. of*BC, then from the givon condition we have
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EA?-ED®=EC’-ED® 10. Apply Theorems 10 and 11.
11. Apply Theorems 10 and 11.

Exercise {18). [Pa.ges 143—-1456.1
8. The mrcumference of arcircle whose centre s the
mid-pt. of AB and radius = 4 inches. 11. If ABCD is the
par™., draw CE | to BD, meeting AD produced in E.

' Exercise (17). [Pages 151—152.]

10. Draw BH L to AB and=a gide of the given.
square. Join AH. Make Z AHF =the Z HAF. 11. Cons-
truct & square=the given rectangle, and then proceed as.
in the last problem.

Exercise (18). [Pages 160—162.]

2. O isthe centroid of the AABC. 6, If AD be L
to BC, it may be shewn that AC=2CD. 9. If AB is.
the given str. line, make £BAC=45"and £ ABC=3} of
45°. Draw CD L to AC, meeting AB in D. 14. 84 units
of area; 8. 15. 324 units of area. 18. If Cis the
mid-pt. of AB and PD ig L to AB, it is easy to see that
PA? -PB?=38AB.CD. 21. The centroid of the A.

BExercise (20). [Pa.gé 183.]

4. Draw PM L to AB, and produce PM to Q making.
MQ=PM. Then AP=AQ and BP =BQ.

Bxercise (21). [Page 193.)

2. Construct an equiiat. AABC each of ~whose sides.
2 inches ; produce BC to D, making CD=BC. Then
will be equal to a side of the reqd. A.
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6. If O bethe centre, the ZAOC is greater. than
the £ AOD,

Exercise (23). [Pages 200—210.]

9. It may be shewn that the ZAPB=90"+} the
£ ACB. ¢

Exercise (25). [Pages 225—226.]

11. The £ ACD=the £CBD, each being complemen-
tary to the £ BCD.

Exercise (26). ([Page 262.]
6. 120"
Exercise (27). [Pages 203—299.]
17. On the given side construct a segment contain-
ing an Z. equal to 3 the given /.
18. C is the mid-pt. of the arc PQ.
24. 1If P beon the are AC, from PB cut off PD=PC,
25. EF may be shewn to be | to the tangent at A,
26. See Prop. 14.
27. Apply Prop. 14.

29. If O be the centre of the given ©, it may be
shewn that OC touches the ©® CDE.

32. See Prop. 1.
383. See Prop. 10.

85. See Prop. 8. Itiseasy tosee that OE touches
the OSEQ.

38. B!C'is | to BC and also to QR.
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39. Apply Prop. 10.

41" The distance of elther common tangent from the
mld-pomt of the lipe joxnmg the centres is=half the sum
of the radii of the ®s.

42. The fixed pt. is the pt. where the bisector of the
L BAC meets the circam-® of the AABC. If O be this
pt., it may be shewn that the 2 POQ = < BOC.

45. ItPDbe L to BC,D is the second pt. where
the cxrcle% on PB, PC as diameters intersect.

46. If A be the fixed pt. and AK L {o the fixed |
str. line, then ths © with A as centre and AK as radius
will be the fixed © reqd.

47. See Prop. 12, Note 2.

48. See Prop. L

49. In the figure of Prop. 15 it is easy to see that
the nine-pt. @ touches the © whose centre is A’ and.
radius = A'G.

50. Taking 1 inches = % miles, radius of the earth
= R miles and the reqd. distance = X miles, it is easy
to shew that X2 = (2R +2)h = 2R%, neglecting /#? which
is very small compared with 2RA.

Exercise (28). [Pages 317—-318.]

1. 15. 7. The ratio of A to B is equal to ths
ratio of CtoD.

Exercise (83). [Page 317.}
6. Apply Addendo.
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Exercise (83). [Pages 321—322.1
8. The two As ABD, APC are qquisngular.

Exercise (34) [Pages 3.29--330.]

5. See Prob. 4. 6. See Prob. 4. 9. Divide AB
at E go that AE: AB = 1: 3, and then find PQ so that
AE: PQ = PQ: AB.

10. The ratio of the segments into which the base is
~ divided by the bisector of the vertical £ is known,

Exercise (35). [Pages 370—37L]

2. See the lagt example. 4. See the last example.
7. See Bk. ITI, Sec. IV. Prop. 15. 9. Apply Prop.
4 to each of the three lines EFL, DFM, DEN.









